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Fractional derivative: F(f (↵))
def.
= (i!)↵F(f)(!)

Fourier transform: F(f)(!)
def.
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R
R f(x)e�i!xdx
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The discrete case has a new level of variety and 
complexity, often appearing in the boundary 
conditions [G. Strang - SIAM review, 1999]
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. . . . . .

W (f) = (W (f1:n2 ) +W (fn
2 +1:n),W (f1:n2 )�W (fn

2 +1:n))
Walsh: n log(n) operations.

Haar: 2n operations.
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Alfréd Haar

H(f) = (H(f1:2:n�1 + f2:2:n), f1:2:n�1 � f2:2:n)
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Alphabet K, probabilities p = (pk)k2K .

T = Huffman(K,p)

T 0 def.
= Huffman(K 0,p0)

K 0 def.
= (K\{a, b}) [ {z}

– If |K| = 1, T = {·}.
– If |K| > 1, sort pa 6 pb 6 . . ..

p0k =

⇢
pa + pb si k = z,
pk otherrwise.

T : add (a, b) under z.
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c2 = 000
c3 = 001c1 = 1

c0 = 01

let cH the code of Huffman(K, p).
For any prefix code c, L(c) > L(cH)

Theorem:

Average code length: L(c) =
P

k pk|ck|

Binary code: k 2 K 7! ck 2 {0, 1}|ck|.

2 3 0 1
0.27 0.530.01 0.19

code words

step 1 step 2

step 3 step 4

David Huffman 
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f [n]

g[n]

window g

signal f

Spectrogramm / Short-time Fourier transform:

frequency

k

p

n

time

N FFTs of size Q
O(NQ log(Q)) operations.
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Josiah W Gibbs Joseph Fourier

Fourier atoms: em
def.
= e2i⇡hm,xi

fM
def.
=

X

|m|6M/2

hf, emiem

M = 32
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3.3.3 Lifted Wavelets on Meshes

The lifted wavelet bases can be used to process signals f ⇤ ✏2(VL) where ✏ ⇤ VL index a sampling
x� of an arbitrary surface. The construction of biorthogonal wavelets on triangulated mesh has
been first proposed by Lounsbery et al. [23] and re-casted into the lifting scheme framework by
Schroeder and Sweldens [31, 32].

In order to define a wavelet transform on a semi-regular grid, one needs to define predictors
and update operators. The predictors have already been introduced in equations (3.2), (3.3) and
(3.2.2). One can choose any of these operators, and creates respectively linear, butterfly and Loop
wavelets bases. All these predictors have one vanishing moment since they satisfy Pj1Hj = 1Vj .

In order to ensure that the dual wavelets have one vanishing moment, the update operator
depends on the direct neighbors in Hj of each point in Vj

⌅ ✏ ⇤ Vj , V� = {�(✏, ✏⇥) \ (✏, ✏⇥) ⇤ Ej} .

One wants looks for a valid update operator in the following form

⌅h ⇤ ✏2(Hj), ⌅ ✏ ⇤ Vj , (Ujh)[✏] = ⇥�

�

k⇤V⇥

h[k], (3.12)

where each ⇥� should be fixed in order for condition (3.11) to be satisfied.
In an semi-regular triangulation, |V�| = 6 except maybe for some points in the coarse grid

✏ ⇤ V0. In this setting, the values of ⇥� can be computed by a recursion through the scales. In
an ideal triangulation where |V�| = 6 for all ✏, one can use a constant weight ⇥� = ⇥. For the
special case of the butterfly wavelets, Pj

T1Hj = 3⇥ 1Vj and Uj
T1Vj = 6⇥1Hj , so setting ⇥� = 1/24

solves equation (3.11). Figure 3.8 shows examples of butterfly wavelets on a planar semi-regular
triangulation.

j = �2 j = �3 j = �4

Figure 3.8: Example of wavelets ⇤j,k on a semi-regular triangulation. The height over the triangle
(together with the color) indicates the value of the wavelet vector.

3.3.4 Non-linear Mesh Compression

These wavelets can be used to perform an approximation of a function f ⇤ ✏2(VL) defined on
the fine triangulation. For instance a wavelet approximation can be applied to each coordinate
fi, i = 1, 2, 3 of the actual position x� = (f1[✏], f2[✏], f3[✏]) ⇤ R3 of the surface points, as done
in [15, 17]. This leads to a scheme to approximate and compress a 3D surface using the lifted
biorthogonal wavelets associated to the semi-regular triangulation. This is possible because these
wavelets depend only on the combinatorial grids Vj and not on the precise position of the samples
x� in 3D.

In order to perform a wavelet approximation in this biorthogonal basis, one uses a non-linear
thresholding at T > 0

f =
�

(j,k)⇤IT

⌥f, ⇤j,k�⇤̃j,k

where IT =
⇥

(j, k) \ k ⇤ Hj and |⌥f, ⇤j,k�| > T | supp(⇤j,k)|�1/2
⇤

.
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detail



f± def.
= f· ± f·+n

2

Discrete Fourier transform:

Fn(f) = I(Fn
2
(f+),Fn

2
(f� � e

2i⇡
n ·))

FFT (1 step):

Fn

Fn
2

Fn
2

I

f 7! (fe, fo)�e
2i⇡
n ·

= ⇥ ⇥ ⇥James Cooley

John Tukey

Carl Friedrich Gauss

…

Fn(f)`
def.
=

n�1X

k=0

fke
2i⇡
n k`

Time(Fn) = 2Time(Fn
2
) + cn =) Time(Fn) = cn log2(n)



F4 F8 F16

Discrete Fourier matrix: Fn
def.
= (e

�2i⇡
n k`)k,`

= ⇥ ⇥

Ch Fn diag(Fnh) n�1F⇤
n

Fn(f ? h) = Fn(f)� Fn(h)Fourier convolution theorem:

Convolution:

Ch = (h(i� j mod n))i,jConvolution matrix:

(f ? h)i
def.
=

P
j f(j)h(i� j)

i.e. Ch(f) = f ? h



Continuous

ek(x) = e
2i⇡
N hk, xiek(x) = e2i⇡hk, xi

k 2 Zd x 2 [0, 1]d

R
[0,1]d f(x)g(x)dx

PN�1
x=0 f(x)g(x)

Discrete

k, x 2 {0, . . . , N � 1}d

Orthogonal for: Orthogonal for:

d = 1

d = 2

k = 1

k = 2

k = 4

k = 3

d = 1



1-D discrete Fourier basis:

2-D basis:

Frequency (k1, k2) 2 {0, . . . , N � 1}2

Fast Fourier Transform:

ek1,k2 [n1, n2]
def.
= e

2i⇡
N hk, ni = ek1 [n1]ek2 [n2]

ek[n]
def.
= e

2i⇡
N kn

f̂ [k1, k2]
def.
= hf, ek1,k2i =

X

n1,n2

f [n1, n2]ēk1,k2 [n1, n2]

Fourier transform: f ! f̂

O(N2 log(N)) operations

k1

k2

�N

2
N

2

0



Discrete

Infinite Periodic

f [n], n � Z f [n], 0 � n < N

Periodization

Continuousf0(t), t � R f0(t), t � [0, 1]
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dominates
biasvariance

dominates
s = sopts < sopt s > sopt

� log10(||hs ? f � f0||)

sopt

biaserror

hs =
1

sd/2
h(·/s)Dilated filter:

h0.5
h1 h2

Data generation model:
noisyunknown

noise
ff0

Linear invariant denoiser: f f ? hs
def.
=

P
k f [k]hs[·� k]

convolution

||hs ? f � f0|| 6 ||hs ? (f � f0)||+ ||hs ? f0 � f0||
variance



Regular areas:
�M/2 equilateral triangles.

M�1/2

M�1/2
f

fM fM

�M/2 anisotropic triangles.
Singular areas:

Piecewise linear approximation using M triangles:

Theorem: If f is C2 outside C2 curves,
||f � fM ||2 = O(M�2)

! to be compared with wavelets:
||f � fM ||2 = O(M�1) J-M Mirebeau





min
f

KX

k=1

||yk � f(xk)||2 + �||�f ||2
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Thin plate spline:
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Theorem:
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9A 2 R2⇥2, b 2 R2, (wk 2 R2)k
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f(x) = Ax+ b+
X
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wk'(||x� xk||)
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y3
<latexit sha1_base64="I+fB6a/OJijMVHSjtawack/EuXc="></latexit><latexit sha1_base64="I+fB6a/OJijMVHSjtawack/EuXc="></latexit><latexit sha1_base64="I+fB6a/OJijMVHSjtawack/EuXc="></latexit><latexit sha1_base64="I+fB6a/OJijMVHSjtawack/EuXc="></latexit><latexit sha1_base64="I+fB6a/OJijMVHSjtawack/EuXc="></latexit>


