Signal and Image
Processing



Fourier transform: F(f)(w) = [o f(z)e 7 da

def.

Fractional derivative: F(f(®) = (iw)*F(f)(w)

|




DCT-1. COS jk'—N’: (divide by v2 when jorkisO0Oor N—=1)

DCT-2: COS (} + %) k< (divide by V2 when k = 0)
DCT-3: cosj(k+3) & (divide by v/2 when j = 0)
DCT-4: COs (_] | 3) (l\' I L) L]

The discrete case has a new level of variety and
complexity, often appearing in the boundary
conditions [G. Strang - SIAM review, 1999]




Refinement scheme:
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Haar
3.2.3.2.2.2.1 >
( 9 737 9 9 9 7]') tranSfOI'm (]‘7]‘707 O? 07 27 47 16)




Walsh: nlog(n) operations.
W(f) = W(fig) + W(fz11n), W(frg) = W(fz241:n))

Haar: 2n operations.
H(f) — (H(f1:2:n—1 + f2:2:n)7 f1:2:n—1 — f2:2:n)




Orthonormal basis (¢, )m -

n

flin — Z <f7 wm>¢m

m=1

n

fnl — Z<f7 wmz>wmz

1=1

{Fy Y ) = fs Vo) > ..




Alphabet K, probabilities p = (p)reck-
Binary code: k € K + ¢, € {0, 1},

Average code length: L(c) =), pr|ck]

T = Huffman(K ,p)

~-If|K|=1,T={}.

—If |K| > 1, sort p, <pp <....
K= (K\{a,b}) U {z}
: _{ Pa+ppsik =z,
P =

pr. otherrwise.
def.

T" =Huffman(K',p’)
T: add (a,b) under z.
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Theorem: let cy the code of Huffman(K, p).

For any prefix code ¢, L(c) > L(cy)
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Spectrogramm / Short-time Fourier transform:

sill) - Q% Y il — eSS

window g

frequency time

Computation:
N FFTs of size ()
O(NQlog(Q)) operations.



5 def. :
Fourier atoms: e, — e2im{m,z) Frequency m.

. . . . def.
Linear Fourier approximation: Jm = E - ([, em)em
|m|<M /2




Elementary lifting step:
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Discrete Fourier transform:  F,(f)¢ = Z fkem%kf

FFT (1 step): ")
fj: def.




. . . def.
Discrete Fourier matrix: F,, = (e

Convolution:

(fxh)i = 32, F(7)R( — j)

Convolution matrix: Cp = (h(i —j mod n)); ; ie. Cir(f)=fx*h
Fourier convolution theorem: Fn(fxh) = F,(f) © F.(h)
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1-D discrete Fourier basis: ex[n] = e~

] de 2i7
2-D basis: €k ks ni,ne| = en = €, M1)€k, [N2]

Frequency (k1,ks) € {0,..., N — 1}?

=

(k, n)

Fourier transform: f — f’

f[kla kQ] = <f7 ekl,k2> — Z f[nlanQ]ékth [nlanQ]

ni,no

Fast Fourier Transform: O(N?log(NN)) operations
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Fourier transform

A

Isometry f +— f
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25 fw)= X e Zf
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_ Periodization fo(t) — >_,, fo(t +n)
= | -
a0 ~—
g & fo(t),teR fo(t),t € |0,1] | Continuous
23 [
C% ] flnl,n € Z |f[n],0 <n < N| Discrete
B
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Data generation model:

unknown " noisy

| ho.5 iy
Dilated filter: hs = Sd/2 h(-/s) /\ ﬂ /\

Linear invariant denoiser:

25F
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10g10(Hh *f = fOH)
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bias

dominates

f convolution, ¢, et S flklhs[ — K]

[7os % f = fol < [hs * (f = fo)| + |hs % fo = fol

error bias




Piecewise linear approximation using M triangles:
N / =7

N —

Regular areas:
~ M /2 equilateral triangles.

M—1/2

E]\4—1/2E

Singular areas:
~ M /2 anisotropic triangles.
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Theorem: If f is C*? outside C? curves,
|f = fu]? = O(M~2)
— to be compared with wavelets:

|f = faul® = O )
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K
Thin plate spline: m}n Z lye — f(zr)]|* + A|AS|?
k=1

Theorem: dA € R2X2, b € R?, (wy € R?),

fx) = > wpp(lz —al)  @(r) = r?log(r)

N\

solve a linear system
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