Measures and Probability



Csiszar divergences: Dual norms:

D, (a|8) /)d(p (dﬂ)dﬁ o= Bla 2 max | Fla)(da(o) - do(a)

Strong lopology Weak topology
— KL, TV, x?, Hellinger . .. — Wy, flat, RKHS*, energy dist, ...



Dy(alf) 2 [ o(35) 88+ ¢hat(x)

— o Fn
N
Hellinger

| i 22

X

Poo = lim p(x)/z € R U {oo}
ropy functions ’
KL < log(1 + x?%) 9
I
& ”
&3 A7,
e 05 Qu
] v
/ e 3 "'b IA
\V/
- ) 4% %
\/Vl g dmaxT\’r d H g‘ 2’:["\,’
—
Wl € -mmmmmemaaa TV - dH
T.Vr < \Nl/dmin T\ -g, dH |




(ar, B) ED (G, .005) (@,.02) (G, .05)

Figure 8.4: Top row: display of % such that [[a— 3|, = [|¢¥* (@ — B)|l 22
formally defined over Fourier as ¥(w) = \/@(w) where k* (z,z') = @(z —z'). Bottom
row: display of ¥ % (o — 8). (G,o0) stands for Gaussian kernel of variance o* and ED
for Energy Distance kernel (in which case ¢:(z) = 1/+/||z]|).
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Discrete measure: o= E a;0,, x; €X, E a, =1
i=1 i

Lagrangian (point clouds) Fulerian (histograms)
Constant weights a; = = Fixed positions z; (e.g. grid)
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Quotient space: Convex polytope (simplex):

X”/Perm(n) {(az)z = 0 \ Zz aA; — }
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B ~ ——randn(P, s)
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A = randn(N) B = randnng, N/10)
cig(A+ A") eig(B ' B)
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Circle law Semi-circle law Marcenko Pastur law



X; ~N(0,1)

max | X;| ~ v/2log(n)
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Measures: Functions:
push-forward pull-back

f

fom I
= >i0p@) pol

fo : M(X) = M) fF:CY) — C(X)

L

Remark: f* and fy are adjoints

/ys&d(fw)zfx(f%)du



Random vectors Radon measures

P(X € A) = [y du(z)
Weak™ convergence: Convergence in law:
V set A V continuous function f
P(X, € A) "Z5°P(X € A) [ fdun =52 [ fdu

'

H1 2 H3 4 .- U




In mean Almost sure

lim E(|X, — X[P)=0 P( lim X, =X)=1
N — +00 N — +00
Ny V4
In probability

Ve >0, P(|X, — X| >¢e) "=25°0
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~ def.
po = fo(z)dx « > ol U= 2537

Density fitting: m@in D(pg,0)

Maximum likelithood estimator

m@in — > . log(fo(z;)) e KL(v|une) = | log (0{17”9) dv

Minimum Kantorovitch estimator D = Wasserstein.



Kernel k-nearest neighbors
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Maximum — max {— [, p(x) log(p(z))dz ; Vi, [ p(w) fi(z) = a;}

entropy: = 3(N)iJe,  p(x) = cexp (3; \ifi(2))
Lia,b) () I Lo ﬁ
— ) €T = (& 202
p(x) T p(x) oo (\
Uniform Gaussian
" X =la,b],{fi} =0,{a;} =10 o X = R-{fq;} = {z, (& —m)*}, {a;} = {m,0°} *
1 _ (log(x) —m)? rk—1le—7%
€T) = (& 202 —
plr) = o= P(Z) = Grr )

Log-normal

X =R*, {fi} = {log(x), (log(z) — m)*}, {ai} = {m, 0%}



A frequently askec question by good stucents is to know if one can replace the
convergence in law by the (stronger) convergence in probability. The answer is
negalive, and in parlicular the convergence cannot held glmost surely or in LF. Lel us
examina why. We proceed by contradiction. Suppese that Z, — Z. in prchability for
a random variable Z.. (necessarily of standard Gaussian law). Then on the one hand,
by the triangle inequality, forany ¢ > 0,

P(|Z2n - Zrl b 25) < p(|22ﬂ —Zml = 5) . P(Izl‘n - Zml > 8) - 0.
and therefore Z,, — Z, — () in probahility. Cn the other hand we have
5, N
Zzu _ z'l - Xy—+X,- v_!.(X] feot-X,)

Van
x-wl' i *Xlu

1-./4
= FhtEg
K+ 7

Now Zj is an independent copy of Z,, and therefore the CLT used twice shows that
Zan — 7 converges in law as n — oo to a Gaussian law of mean zero and variance
(1 = v2)%2/2 + 112 = 2 = /2 # 0. Hence the contradiction.

P
Z. 5 7 = P2 — Zy| = 26) S P(|Zon — Zeo| Z &) + P(|Zon — Zeo| Z &) = 0. = Zoy, — Zp, — 0 o
PRy P 1 L contradiction
— — | - 1 ag,) — \N-Z" + _-_Z’:. .
2 - Z, > E A EE o 9) N(0,2 —V2)



Central limit theorem:
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Central limit theorem: If E(X) =0,E(X?) =1 and (X;); "X

of. X o+ X, law
d:f. 1+ + 1 >N(O,1)
Jn

Kolmogorov-Smirnov distance: dxg(X,Y) = max |[P(X <t) —P(Y < t)]
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Metrizes convergence in law: X — Y < dgs(X,Y) — 0

Theorem: CE(1 X3
Berry 1941] dKS(Yn,N(O, 1)) < (‘ ‘ ) C < 1/2
[Essseen, 1942] \/ﬁ

P(Y, < t)
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Gaussian bump:

Gom.s()




o a o=10 b
Random walk: xr11 = xp E @ o

er ~ N(0,Idg2) VK

Brownian motion / Wiener process:

K
1t LW,

Lk k/IK —t
Brownian bridge between (a,b) € C?:
z(t) — x(0)
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Discrete

:

Continuous

(General

p(ﬂf) > 0, fRd p(:l?)

| L

H(p) small

=1 H(p) = — Zz Pi 1Og(pz)
ADi AD;

atltes [T, — -
0 < H(p) <log(n) H(p) = log(n) =
2
=1 H(p) = — [pap(z)log(p(z))dz =
‘ 1
N ) I
H(p) medium H(p) large =
am

Relative entropy (Kullback-Leibler)

Measures (u,v):

def

KL(ulv) =




Goal: sample from Px (z) = + f(x).
unknown

Needs: transition probability Py | x (y|z)

To 4 1nitialization
— Sample yi, ~ Py x (-|21).

f : f(yi)
dif' :Ck; lf I‘and < f(mk)

YL otherwise. Nicholas
\ Meétropolis

Py x (-]) =uniform on nelghbors of x.



