
Measures and Probability











Quotient space:

Discrete measure:

Lagrangian (point clouds) Eulerian (histograms)

Convex polytope (simplex):

xi

Fixed positions xi (e.g. grid)

↵ =
nX

i=1

ai�xi xi 2 X ,
X

i

ai = 1

Constant weights ai =
1
n

X X

{(ai)i > 0 ;
P

i ai = 1}Xn/Perm(n)



µ̂n µ

n ! +1

µ̂n = 1
n

Pn
i=1 �xi

Ĥ(µ̂n)
def.
=

P
i log(minj 6=i ||xi � xj ||)

�
R
log(dµdx (x))dµ(x)

H(µ)
def.
=n ! +1



time

d⇢t
dt

= �⇢t +r(V ⇢t)

min
⇢

E(⇢)
def.
=

Z
V (x)⇢(x)dx+

Z
⇢(x) log(⇢(x))dx

V
(x
)
=

||x
||2

Wasserstein flow of E:
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B ⇠ 1p
P
randn(P, s) P(eig(B>B) 2 [u, v])

Z v

u
f�(�)d�

�
def.
=

s

P
s ! +1

[Marcenko-Pastur]
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p
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p
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eig(randn(N,N))

eig(A+A>)
A = randn(N) B = randn(N,N/10)

eig(B>B)

Circle law Semi-circle law Marcenko Pastur law



Xi ⇠ N (0, 1) max
16i6n

|Xi| ⇠
p
2 log(n)



µ

f]µ

f f

'

Measures:
push-forward

Functions:
pull-back

f ]'

Remark: f ] and f] are adjointsZ

Y
'd(f]µ) =

Z

X
(f ]')dµ

=
P

i �xi

def.
=

P
i �f(xi)

def.
= ' � f

f
:
X

!
Y

f] : M(X ) ! M(Y) f ] : C(Y) ! C(X )



Random vectors Radon measures

P(X 2 A)
R
A dµ(x)=

P(Xn 2 A)
n!+1�! P(X 2 A)

8 set A 8 continuous function fR
fdµn

n!+1�!
R
fdµ

Weak⇤ convergence: Convergence in law:

µ1 µ2 µ3 µ4 . . . µ



P( lim
n!+1

Xn = X) = 1

=)

lim
n!+1

E(|Xn �X|p) = 0

P(Xn 2 A)
n!+1�! P(X 2 A)

In law

8 " > 0, P(|Xn �X| > ")
n!+1�! 0

In probability

Almost sureIn mean

=)
=)

(the Xn can be defined on di↵erent spaces)



µ✓ = f✓(x)dx

⌫

D

Density fitting: min
✓

D(µ✓, ⌫̂)

Maximum likelihood estimator

Minimum Kantorovitch estimator

min
✓

�
P

i log(f✓(xi))
n!+1�!

⌫̂
def.
=

nX

i=1

�xi

D = Wasserstein.

KL(⌫|µ✓) =
R
log

⇣
d⌫
dµ✓

⌘
d⌫
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k

↵̃k(x)

↵̂�(x)

↵
(xi)

n
i=1

sampling

↵̂� =
1

n

X

i

h�(·� xi).

Kernel
estimation

↵̃k(x) /
k/n

�k(x)d

k-nearest neighbors
estimation

�1

�2
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9(�i)i, 9c, p(x) = c exp (
P

i �ifi(x))

0 10 1

-1 1

max
p

�
�
R
X p(x) log(p(x))dx ; 8i,

R
X p(x)fi(x) = ai

 

p(x) =
1[a,b](x)

b� a
p(x) =

1p
2⇡�

e�
(x�m)2

2�2

p(x) =
1p
2⇡�x

e�
(log(x)�m)2

2�2 p(x) =
xk�1e�

x
✓

✓k�(k)

X = [a, b], {fi} = ;, {ai} = ; X = R, {fi} = {x, (x�m)2}, {ai} = {m,�2}

X = R+, {fi} = {log(x), (log(x)�m)2}, {ai} = {m,�2} X = R+, {fi} = {x, log(x)}, {ai} = {k✓, (k) + log(✓)}

=)
Maximum
entropy:

Uniform Gaussian

GammaLog-normal



Zn
P! Z1 ) Z2n � Zn

P! 0)
P!

(TCL ⇥ 2)
N (0, 2�

p
2) ⇢

contradiction



(f ? . . . ? f)

✓
xp
k

◆
k!+1�! 1p

2⇡
e�

x2

2

P
If

R
(1, x, x2)f(x)dx = (1, 0, 1), then

8 < :k times

Central limit theorem:

k = 1
k = 4
k = 7



Carl-Gustav Esseen

Central limit theorem: If E(X) = 0,E(X2) = 1 and (Xi)i
i.i.d.⇠ X

Theorem:
[Berry 1941]
[Esseen, 1942]

C 6 1/2

Kolmogorov-Smirnov distance: dKS(X,Y )
def.
= max

t
|P(X 6 t)� P(Y 6 t)|

dKS(Yn,N (0, 1)) 6 CE(|X|3)p
n

n = 1
n = 4
n = 7

P(Yn 6 t)

t

Yn
def.
=

X1 + . . .+Xnp
n

law�! N (0, 1)

X
law! Y , dKS(X,Y ) ! 0Metrizes convergence in law:



⇥
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=

=

Gm0,s0(x)Gm1,s1(x) = ⇢Gm,s(x)

⇢ 6 11

s
=

1

s0
+

1

s1

m =
s

s0
m0 +

s

s1
m1

Gm,s(x)
def.
= e�

||x�m||2
2sGaussian bump:

Prop:

Hump algebra

Yves Meyer



a b

a b

a b

a b

� = 0

� = 0.05

� = 0.1

� = 0.2

Random walk: xk+1 = xk +
�p
K

"k

xk
K ! +1
k/K ! t

Wt

Brownian motion / Wiener process:

Norbert WienerRobert BrownAlbert Einstein

a+ (b� a)
x(t)� x(0)

x(1)� x(0)

Brownian bridge between (a, b) 2 C2:

"k ⇠ N (0, IdR2)



pi > 0,
Pn

i=1 pi = 1

Relative entropy (Kullback-Leibler)

KL(µ|⌫) def.
=

Z

X
log

✓
dµ

d⌫
(x)

◆
dµ(x)

H(p)
def.
= �

P
i pi log(pi)

H(p)
def.
= �

R
Rd p(x) log(p(x))dxp(x) > 0,

R
Rd p(x) = 1

H
(
p)

=
�
K
L
(
p
d
x
|d
x
)

H(p) = log(n)H(p) = 0 0 < H(p) < log(n)

H(p) small H(p) medium H(p) large

Measures (µ, ⌫):
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Ludwig Boltzmann Claude Shannon Solomon Kullback Richard Leibler



Nicholas 
Metropolis

Wilfred Keith 
Hastings

Goal: sample from PX(x) = 1
Z f(x).

unknown

Needs: transition probability PY |X(y|x)

Sample yk ⇠ PY |X(·|xk).

xk+1
def.
=

(
xk if rand < f(yk)

f(xk)

yk otherwise.

x0  initialization

PY |X(·|x) =uniform on neighbors of x.

Pxk(·)PX(·)


