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Newton method: zk+1 = zk � f(zk)
f 0(zk)

f(z) = zq � 1Attraction bassins for

q = 5 q = 7 q = 9



“Twisted” Newton: zk+1 = zk � (1 + �ei✓) f(zk)
f 0(zk)

f(z) = z3 � 1

�

�

� = 0



Theorem: (Moreau’s decomposition)

Polar cone:
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x = ProjK(x) +
? ProjK�(x)

K� def.
= {x ; 8y 2 K, hx, yi 6 0}



x`+1
def.
=

(
x` � 1

`rf1(x`) with proba 1
2

x` � 1
`rf2(x`) with proba 1

2

``

x`

= f1(x) = f2(x)

min
x2R

(x+ 1)2 + (x� 1)2



Gradient descent dynamic:

x(t) = �rf(x(t)))

On the “mexican hat”:

x(t) = r(t)(cos(✓(t)), sin(✓(t))

✓(t) = (1� r(t))�2

! Length(x) = +1



@

@z
def.
=

1

2

✓
@

@x
� i

@

@y

◆
@

@z̄
def.
=

1

2

✓
@

@x
+ i

@

@y

◆

f holomorphic , @f
@z̄ = 0.

Examples: @z

@z
= 1

@z̄

@z
= 0

@z̄

@z̄
= 1

@z

@z̄
= 0

@cz

@z
= c

@|z|2

@z
=

@(zz̄)

@z
= z̄

f : z
def.
= x+ iy 2 C 7�! f(z) 2 C

Proposition:



Small ⌧` Large ⌧`

x`+1 = x` � ⌧`rf(x`)

⌧?` = argmin
⌧

f(x` � ⌧rf(x`))

Optimal ⌧` = ⌧?`
⌧
?

`
rf

(x̀
)

⌧ ?
`+

1 r
f(x̀

+
1 )

x`

x`+1

rf(x`)?rf(x`+1)



p
=
+
1

p =
2

p = 1

Metric space (X , d), minimize F (x) on X .

F (x) = ||x||2 on (X = R2, || · ||p)

Implicit Euler step:

xk+1
def.
= argmin

x2X
d(xk, x)

2 + ⌧F (x)

xk+1
xk

{x ; d(xk, x) ⇠ ⌧}

xk+2

xk+3



xk+1 = argmin
x2X

d(xk, x)
2 + ⌧hrF (xk), xi

p
=
+
1

p = 1

p =
2

p
=
+
1

p =
2

p = 1

xk+1 = argmin
x2X

d(xk, x)
2 + ⌧F (x)

Metric space (X , d), minimize F (x) on X .

F (x) = ||x||2 on (X = R2, || · ||p)

ImplicitExplicit



pk+1 = µpk � ⌧

⇢
rf(xk)
rf(xk + µpk) Nesterov

xk+1 = xk + pk
Polyak

Yurii 
Nesterov

Boris
Polyak

µ = 0

µ = 0.95
µ = 0.5



Yurii 
Nesterov

xk+1 = xk � ⌧rf(xk)
xk+1 = yk � ⌧rf(yk)

yk+1 = xk+1 +
k

k + 3
(xk+1 � xk)

d2x(t)

dt2
+

3

t

dx(t)

dt
= �rf(x(t))

dx(t)

dt
= �rf(x(t))

Gradient descent Nesterov’s acceleration

⌧ ! 0 k⌧ ! t k
p
⌧ ! t⌧ ! 0

Theorem:

f(xk)� f(x?) = O(1/k)

f(xk)� f(x?) = O(1/k2)

x0

x(t)

x(t)

x(t)x?

x?
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p = 0 p = 1 p = 2p = 1.5p = 0.5 p = 1
Non-convex Convex

f(x) = |x|p

f(x) = |x|p

Proxf (x) = argmin
x0

1

2
||x� x0||2 + f(x0)

x

Proxf (x)Proxf (x)

x

xx



from [Coste 2002]

�
(a, b, c) ; 9X 2 R, X4 + aX2 + bX + c = 0

 

�
(a, b, c,X) ; X4 + aX2 + bX + c = 0

 

(a, b, c,X) 7! (a, b, c)

p
ro
je
ct
io
n

algebraic set

semi-algebraic set

ca

x

X

X def.
=

b = 0



f

v
u

f = u+ v = convex + concave



�
0

f(x) = |x1|+ |x2| f(x) =
p

|x1|2 + |x2|2 f(x) = max(|x1|, |x2|)

x1

x2

Prox�f (x) = argmin
x0

1

2
||x� x0||2 + �f(x0)



(f, g) convex functions. f⇤(p)
def.
= sup

x
hp, xi � f(x)

inf f � g = inf g⇤ � f⇤Toland’s duality:

John Toland



Bregman divergence:

D'(x|y)
def.
= '(x)� '(y)� hx� y, r'(y)i

y

x

'

y

0
'(x) = ||x||2 '(x) =

P
i �

p
xi'(x) =

P
i � log(xi)'(x) =

P
i xi log(xi)

D'(·|y)
1
2

D'(x|y)

D'(x|x+ ")
D'(x+ "|x)

�
=

1

2
h@2'(x)", "i+ o(||"||2)



Bregman divergence: D'(x|y)
def.
= '(x)� '(y)� hx� y, r'(y)i

xk+1 = argmin
x2X

D'(x|xk) + ⌧hrf(xk), xi

= (r')�1 (r'(xk)� ⌧rf(xk))

Mirror descent:

'(x) = ||x||2 '(x) =
P

i xi log(xi) '(x) =
P

i �
p
xi'(x) =

P
i � log(xi)

X = R2
+

0 0



Directional derivative: Dvf(x)
def.
= lim

t!0

f(x+ th)� f(x)

t

min
x2K

f(x)
x`+1

def.
= x` +

2

2 + `
(v` � x`)

x0

x1

x2

v0 v1

F
ra
n
k-
W
ol
fe

K

v`
def.
= argmin

v2K
Dvf(x`)



f(x)
def.
= Ez(f(x, z))f(x)

def.
= 1

n

Pn
i=1 fi(x)

rf(x) = 1
n

P
i rfi(x)

rf(x)

rF (x, z)
z ⇠ z

rf(x)
rfi(x)

Draw i 2 {1, . . . , n} uniformly.

xk+1 = xk � ⌧krfi(xk) xk+1 = xk � ⌧krF (x, z)

Draw z ⇠ z

Theorem: If f is strongly convex and ⌧k ⇠ 1/k,

E(||xk � x
?||2) = O(1/k)

Finite sums Expectation

 Herbert Robbins

rf(x) = Ez(rF (x, z))



Iterative projections:
⇢

x2k+1 = ProjA(x2k)
x2k+2 = ProjB(x2k+1)

Theorem: if (A,B) convex, xk
k!+1�! A \B

AB

AB

x0

x1

x2

x2

x0

x1



C
on

ve
x

N
on

-c
on

ve
x

A

B

x0

x1

x0

x1

x2

x 1
2

Iterative Projections Douglas-Rachford

xk = P̄A(yk)
def.
= 2PA(yk)� yk

yk+1 =
1

2
yk +

1

2
P̄B(xk)

xk+1 = PB(PAxk)

PA
def.
= ProjA

Henry Rachford 

Jim Douglas

Pierre-Louis Lions

Bertrand Mercier



Iterative Projections Douglas-Rachford

xk = P̄A(yk)
def.
= 2PA(yk)� yk

yk+1 =
1

2
yk +

1

2
P̄B(xk)

xk+1 = PB(PAxk)

PA
def.
= ProjA

James Fienup

Owen Saxton



0

x0

x1
x2

x?

min
x

1

2
||y �Ax||2 + �||x||1Lasso:

Theorem: if 0 < ⌧ < 2/||A||2, xk ! x? solution of Lasso.

xk+1
def.
= Soft⌧�(xk � ⌧A>(Axk � y))

A =

✓
1 0
0 1

◆
A =

✓
1 0
0.5 1

◆
A =

✓
1 0
1 1

◆
y = A

✓
1
0

◆
� = 0.3

Fwd-Bwd (ISTA):
�s

s

Softs



Conditionning:

Theorem: 0 < ⌧ <
2

L
f(xk)� f(x?) 6 C

`+ 1

||xk � x?|| 6 ⇢`||x0 � x?||
⇢ = (1 + ")�

1
2 < 1

If L < +1,

If µ > 0, L < +1, 0 < ⌧ <
2

L

T (x)
def.
= f(x0) + hrf(x0), x� x0i

Hypotheses: µIdn � @2f(x) � L Idn
strong convexity smoothness

f(x)U(x)

T (x)

x0

V (x) U(x)
def.
= T (x) +

L

2
||x� x0||2

V (x)
def.
= T (x) +

µ

2
||x� x0||2

"
def.
=

µ

L
6 1

xk+1 = xk � ⌧krf(xk)Gradient descent:

Quadratic

lower / upper

approximants.



Gradient flow: x0(t) = �rf(x(t))

t = 0 t larget medium
Gradient field rf Gradient flows x(t)

Gradient field: f(x+ ") = f(x) + "h", rf(x)i+ o(")



Min-max game: min
x

max
y

f(x, y) > max
y

min
x

f(x, y)

convex concave

Gradient descent:
xk+1 = xk � ⌧rxf(xk, yk)

⇢

f(x?, y) 6 f(x?, y?) 6 f(x, y?)

min
x

max
y

f(x, y) max
y

min
x

f(x, y)=Strong duality:

Saddle point (x?, y?):

(x?, y?)

x

y

a = 0 a = 2 a = 10

Example: f(x, y) = a xy + x2 � y2 a = interaction

John Forbes Nash

yk+1 = yk + ⌧ryf(xk, yk)



⌧ = 0.001 ⌧ = 0.1
⌧ = 0.2 ⌧ = 0.4

xk+1 = xk � ⌧rxf(xk, yk)
⇢

yk+1 = yk + ⌧ryf(xk, yk)
xk+1 = xk � ⌧rxf(xk+1, yk+1)

yk+1 = yk + ⌧ryf(xk+1, yk+1)

⇢Explicit Implicit

Min-max game: min
x

max
y

f(x, y) > max
y

min
x

f(x, y)

f(x, y) = xy



Monotone operator V : Rd ! Rd:

Felix Browder 

min
x2Rd

f(x) min
x12Rd1

max
x22Rd2

f(x1) + hAx1, x2i � g(x2)

Theorem: rf is monotone.
✓
rf A⇤

�A rg

◆
is monotone.Theorem:

f quadratic: rf symmetric.

Convex optimization Saddle point

f = g = 0:
✓

0 A⇤

�A 0

◆
skew-symmetric.

V (x) = x A = 1 V (x) = (x2,�x1)
>f(x) = ||x||2/2

George Minty 

The two “extremal” cases [Edgar Asplund, 1970]

8 (x, y) 2 (Rd)2, hV (x)� V (y), x� yi > 0



min
x

f(Ax) + g(x) = min
Ax=y

f(y) + g(x)

= min
x,y

max
u

f(y) + g(x) + hAx� y, ui

= max
u

h
min
y

h�y, ui+ f(y)
i
+
h
min
x

hx, A⇤ui+ g(x)
i

= max
u

�f⇤(u) �g⇤(�A⇤u)

Legendre-Fenchel transform:

Ralph Tyrrell  
Rockafellar

Joseph-Louis  
Lagrange 

Adrien-Marie 
Legendre

Werner Fenchel

Primal-dual relations:
rg(x) = �A⇤u x = rg⇤(�A⇤u)()

g smooth g strongly convex

f⇤(u)
def.
= min

x
hx, ui � f(x)



Jean-Jacques Moreau 

Kōsaku Yosida

fµ(x)
def.
= min

y
f(y) +

1

2µ
||x� y||2

Huber function: f(x) = |x|

Moreau-Yosida regularization:

fµ(x) =

⇢
x2/(2µ) if |x| 6 µ
|x|� µ/2 otherwise.

µrfµ(x) = x� Proxµf (x)

Proxµf
def.
= argmin

y
f(y) +

1

2µ
||x� y||2

Proximal operator:

(non convex)

µ = 0 µ =
1

2
µ = 1

Prop: rfµ is 1/µ-Lipscthitz and



Polar of a set:Fenchel-Legendre transform:

f⇤(y) = sup
x

hx, yi � f(x)

Gauge:

�C(x) = inf {� > 0 ; x 2 �C}

Indicator:

◆C(x) =

⇢
0 if x 2 C,
+1otherwise.

If f and C convex, then

(C�)� = C and (f⇤)⇤ = f .

T
he
or
em

: C�

�C�

C = C��

◆C = (◆C)
⇤⇤

�

◆

⇤

�

(◆C)⇤ = �C� and (�C)⇤ = ◆C� .

C

C�

C� = {y ; 8x 2 C, hx, yi 6 1}
<latexit sha1_base64="VXeEpqJJE09RCEuavoHDGjhqq98="></latexit><latexit sha1_base64="VXeEpqJJE09RCEuavoHDGjhqq98="></latexit><latexit sha1_base64="VXeEpqJJE09RCEuavoHDGjhqq98="></latexit><latexit sha1_base64="VXeEpqJJE09RCEuavoHDGjhqq98="></latexit>



Proximal point: xk+1
def.
= Prox⌧f (xk) = argmin

x

1

2
||x� xk||2 + ⌧f(x)

Example: f(x) = 1
2 hAx, xi � hx, yi

xk+1 = (Id + ⌧A)�1(xk + ⌧y)
k!+1�! A�1y

⌧ = 100 ⌧ = 0.01⌧ = 1⌧ = 10 ⌧ = 0.1

Theorem: 8 ⌧ > 0, xk
k!+1�! x? 2 argminx f(x)

Ralph Tyrrell  
Rockafellar

x0

A�1y



-1 0 1
-1

0

1

-1 0 1
-1

0

1

-1 0 1
-3
-2
-1
0
1
2
3

-1 0 1
-2

-1

0

1

2

f(x)

@f(x)
@f(x)

f(x)

f is di↵erentiable at x , @f(x) = {rf(x)}.

@f(x)
def.
=

�
u 2 Rd ; 8 y, f(y) > f(x) + hu, y � xi

 
Subdi↵erential:

Theorem:

f : Rd ! R [ {1} convex.

argmin f = {x ; 0 2 @f(x)}

@f is monotone: 8 (u, v) 2 @f(x)⇥ @f(y), hu� v, x� yi > 0.

Ralph Tyrrell  
Rockafellar

Jean-Jacques 
Moreau

f(x)

x f(x) + hu, y � xi


