Optimization



r* € argmin f(x
reX

)
< Oz« € argmin /f(x)d,u(a:)
p prob. distrib. J X



f*(w) 2 sup(z, w) — f(z) o / fz)e i@ ™) dg

II/

(Fo0)@) L it f&) +9(z—1)  (f+0)a) —]f gz — v)dy

Theorem: (f o g)* = f* + gx* Theorem: f * g = f g






J: RY — R is partly smooth at z for a manifold M,
(i) J is C* along M, around = ;
(ii) Vh € T,(M_)*, t = J(x + th) non-smooth at ¢t = 0.

(iii) 0J is continuous on M, around z.
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Attraction bassins for f(z)=279-1




“Twisted” Newton: 2r+1 = 2k — (1 + 56i0)—




Polar cone:

K= {z; Vy ek, (z,y) <0}

Theorem: (Moreau’s decomposition)
r = Proj(z) ++ Proj. (z)




j 1) —1)°
glElI%(QZ‘—F)—F(ZU )

= f1(z)

= f2(x)

def.

To+1 = S
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Gradient descent dynamic: f@r,0) =

z(t) = =V f(z(t)))

On the “mexican hat”: B e
£(t) = r(t)(cos(8(t)), sin(6(t)) wi ieatital
0() = (1= (1)) Y.

— Length(x) = +o0 S
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def.

fiz=x+iyeCr— f(2) €C

.= 3_13 gdif’l 8 |la
0z 2 \0zx Oy 0z 2\ 0z Oy

. . of _
Proposition:  f holomorphic < 52 = 0.

Fxamples: 0z 0z 0z 0z
9. 8 9z ° &z
Ocz 0|z]*  9(z2)
0= 0=  0:




roi1=xp— 70V f(xp)

Small



Metric space (X, d), minimize F'(x) on X.

Tyt = argmin d(zy, z)
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F(z) = |z[* on (X =R, - [,) {z; d(zg,x) NT}
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Implicit Euler step:

C 4 TF(x)



Metric space (X, d), minimize F'(x) on X.

Explicit Implicit
Tir1 = argmin d(x, ) + 7(VF (), ) Try1 = argmin d(zy, 2)? + 7F ()
rEX reX

F(z) = |z]* on (X =R | - [p)



Polyak
Nesterov

Yurii
Nesterov




Gradient descent

Tpa1 = T — TV f(xk)

T — Ol kTt — t
dz(t)
)

Theorem:

flar) = f(z") = O(1/k)

f(zx) — f(z*) = O(1/k%)

Nesterov’s acceleration

Tr+1 =Yk — TV f(Yr)

k
Yk+1 = Tk+1 i+ 3($k+1 — CUk)
T —=0 lk\/? —t
d?z(t) 3 dx(t)

Yurii
Nesterov



1

Prox¢(x) = argmin 5”:13 — 2|+ f(2')

Non-convex

T

p=0 p=05p=1

flz) = |zf?

_ Prox ¢ ()

Convex
p=1 p=15 p=2
flz) = |z|?
Prox ¢ (z)
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algebraic set

def.

X

projection

<

(a,b,¢, X); X*+aX’+bX +c=0}

(a,b,¢c, X) — (a,b,c)

{(a,b,c) ; IX R, X* +aX”+bX +c=0}

semi-algebraic set

X




f = u+ v = convex + concave




T) = argmin —|r — X A
%
/
: /HQ Af()
T |°+
' X
B xXr
Prox) ¢

L9

-/

21y
max(|x1|, |

2 f(z) =

) = V|12 + |@2)

flx) =

2|

= |z1| +

f(x)




(f,g) convex functions. f*(p) = sup (p, z) — f(x)

T

o Y

Toland’s duality: inf f — g =inf g™ — f*

John Toland



Dy (zly) = p(z) — p(y) — (z —y, Ve

B d : :
regman divergence 90\_41?@ (z]y)
(v)) § s




Bregman divergence: D, (z|y) = o(x) —eoly) — (x —y, Vo(y))

Mirror descent: k41 = argmin D, (x|xg) + 7(V f(zk), x)
reX

= (Vo) " (Vo(zr) — 7V f(zk))




def. ;. f(le T th) - f(il?)

Directional derivative: D, f(x) = }HI(I) ;
%

qq_'q) def. 5
= vy = argmin D, f(xy)

min f(z) = veK

rek = Tpi1 e Ty (’Ug — Ig)
E " 2+ ¢

/// s




Finite sums Expectation

Draw ¢ € {1,...,n} uniformly. Draw z ~ z

Lk+1 = T — Tkaz(CEk) Lk+1 — LTk — TkVF(x, Z)

Theorem: If f is strongly convex and 75 ~ 1/k,

(|l — 2*[7) = O(1/k)

L bert Bobbins



Tokpt1 = Proj 4 (o)

Iterative projections: :
) { Tok+2 = Projp(wor+1)

Theorem: if (A, B) convex, Iy “2H° ANB

X0




Convex

Non-convex

Iterative Projections

rr11 = Pp(Paxy)

def.

PA — PrOjA

Douglas-Rachford

def.

rr = Pa(yr) = 2Pa(yr) — Yk
1 1 -
Yk+1 = §yk + §PB($k)




Iterative Projections Douglas-Rachford

def

L+1 — PB (PA'CEI{:) Lk = PA(yk) 2PA(yk) — Yk
1 1
Pa = = Proj 4 Ye+1 = §yk + 2PB(ZL‘I@)




1
Lasso: ~ min 5”9 — Az|? + \|z|

Soft, 1 /
Fwd-Bwd (ISTA): @41 = Softra(z, — 7A' (Azg, — ) 7 s

Theorem: if 0 < 7 < 2/|A|?, 1, — x* solution of Lasso.




Hypotheses:  uld,, < 8*f(z) < LId, Conditionning:

strong convexity smoothness g = % <1
Quadratic Uz), f(z) T(x) = f(zo) + (Vf(zg),  — x0)
o L
lower / upper /“/"(m) U(z) < T(z) + E”x e E
' T(x)
approximants. . 1
0 V(r) = T(x)+ §||$ — 20
Gradient descent: Tet1 = Tk — TV f(Tk)
Theorem: If I, 2 flxr) — f(z™) < .
2 |zx — 2| < pflwo — 7]

L p=(14+¢)"

N

<1



Gradient field: f(z +¢) = f(x) + (e, Vf(x)) + o(e)

Gradient flow: ' (t) = =V f(z(t))

Gradient ﬁeld Vf Gradient ﬂOWS CIZ‘(t)

t =0 ¢ medium ¢t large



convex concave

Min-max game: min max f(x,y) > max min f(z,y)
T Y Y T
Saddle point (z*,y*): f(«™,y) < f(«",y") < f(z,y")

— Strong duality: min max f (7,y) = max min f(z,y)
7i Y Yy &L

Lky1 = Tk — Tvxf(wk, yk)
Y+l = Yk + TV f(Tk, Yi)

Gradient descent: {

Y Example: f(z,y) = axy + 2% — y? a = interaction




Min-max game: min max f(z,y) > max min f(z,y)
T Y Yy XL

Explicit Implicit
{ Tht1 = Tk — TV f(Tr, Yk) Tht1 = Tk — TV f(Tht1, Yk+1)
Ykt1 = Yk + 7V f (21, Yi) Yk+1 = Yk + TVy f(Zrt1, Yrt1)
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Monotone operator V : R — R4 V(x,y) € (RY)?, (V(z) -V (y),z—y) >0

Convex optimization Saddle point
min f(x) min  max f(x1)+ (Axq, z2) — g(x2)
rcRd r1ERI zoeR92

Vf A

Theorem: V f is monotone. Theorem: (_ A Vg

) 1S monotone.

(S

F@) = lal2/2 V(o) —a A=1 V()= (22 —21)|

— The two “extremal” cases [Edgar Asplund, 1970] +—



Legendre-Fenchel transtorm: "

f*(u) = min (z, u) - f(2)

\"

&ien-Marie B
¥ legendre
v vl

min f(y) +g(z)

3
= min max f(y) + g(z) + (Az — y, u)

T,y U

‘:.Ph'Louis ~ ey max |min <_y7 U> + f(y)i| T |:majln <£E’ A*’U,> ™ g(w)j|

Laorange N . w Yy
W £ /o _ B

Ralph Tyrr;eli‘--- = max —f*(u) —g " (—A"u)
Rockaf¥llas U

g smooth g strongly convex

Vg(r)=-A*y < x=Vg (—A"u)

Primal-dual relations:



Moreau-Yosida regularization
fulw) ™ min f(y) + 5=l = y1°

Proximal operator: \
Pro,.s 2 argmin f(y) + —||a: —y|? g

Prop: V f,, is 1/u-Lipscthitz and

uV fu(z) =z — Prox, s(z)

Huber function: f(x) = |x|
fu(z) = { v?/(2u) if |z < p

x| — /2  otherwise.

(non convex)




Fenchel-Legendre transform:

f*(y) = sup (z, y) — f(z)

T

Indicator:

0 if e,
Lo () =

oootherwise.

If f and C' convex, then

Theorem:

(

@
Q

(C°)° =C and (f*)" = f.

)* = xce and (x¢)* = too- LO

Polar of a set:

C°={y; Ve e C,{(z,y) <1}

Gauge:
xc(x) =inf{\A > 0; x € A\C'}

C=(C°° —Jop—C"

L X




. . of. .1
Proximal point: zp,; = Prox,(z;) = argmin §Hx —z|? + 7f(z)

T

k .
Theorem: V1 >0, 1, —5° z* € argmin_, f(x)

Ralph Tyrrell
Rockafellar

=100 7=10 T=1 T—=0.1 7=00l




f:RY - RU {oo} convex.
Subdifferential: Of(x) = {u cRY: Vy, f(y) = flx) + (u, y — :z:)}

Theorem: argmin f ={z; 0 € df(x)}
f is differentiable at x < 0f(z) = {Vf(x)}.

0f is monotone: V (u,v) € df(x) x df(y), (u —v, x —y) > 0.

Ralph Tyrrell
Rockatellar
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