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K
def.
= {x 2 Rn ;

Pn
i=1 |xi| 6 1}

Bulk:

`1 ball:

2

2p
n

K
B

small n large nVol(K) ⇠ Vol(B)
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Setup: E : Rn ! R computable in K operations.

Hypothesis: elementary operations (a⇥ b, log(a),
p
a . . . )

and their derivatives cost O(1).

Seppo Linnainmaa

This algorithm is reverse mode
automatic di↵erentiation

Question: What is the complexity of computing rE : Rn ! Rn?

[Seppo Linnainmaa, 1970]

Theorem: there is an algorithm to compute rE in O(K) operations.

Finite di↵erences:
rE(✓) ⇡ 1

"
(E(✓ + "�1)� E(✓), . . . E(✓ + "�1)� E(✓))

K(n+ 1) operations, intractable for large n.



x0 xR ExR+1

y✓R

x = x1 . . .

✓R�1
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✓1✓0

g0 g1 gR

xr+1 = gr(xr, ✓r) E(x) = L(xR+1, y)

xr+1 = ⇢(Arxr + br)Example: deep neural network

8r = R, . . . , 0,

rxrE = A>
r Mr

rArE = Mrx
>
r

rbrE = Mr1

Mr
def.
= ⇢0(Arxr + br)�rxr+1E

Proposition:

r✓rE = [@✓rgR(xr, ✓r)]
>(rxr+1E)

rxrE = [@xrgR(xr, ✓r)]
>(rxr+1E)8r = R, . . . , 0,

x2



x0 xR xR+1x = x1 . . .g0 g1 gRx2 2 R

xr+1 = gr(xr) gr : Rnr ! Rnr+1
@gr(xr) 2 Rnr+1⇥nr

@g(x) = ((. . . ((A0 ⇥A1)⇥A2) . . .⇥AR�2)⇥AR�1)⇥AR

@g(x) = A0 ⇥ (A1 ⇥ (A2 ⇥ . . .⇥ (AR�2 ⇥ (AR�1 ⇥AR)) . . .))

A0A1AR�1
AR ⇥

@g(x) = @gR(xR)⇥ @gR�1(xR�1)⇥ . . .⇥ @g1(x1)⇥ @g0(x0)

⇥ ⇥ ⇥. . .1 n0

n1n2nR�1

nR

n0n1n2
n1n2n3

nR�2nR�1nR
nR�1nR

Complexity: (if nr = 1 for r = 0, . . . , R� 1) (R� 1)n3 + n2

Chain
rule:

nR�1nR
nR�2nR�1

n1n2
n0n1

Complexity: Rn2

Forward

Backward
O(n2)

O(n3)

rgR(xR) = [@gR(xR)]
> 2 RnR⇥1
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LSE"(x)
"!0�! max(x) SM"(x)

"!0�! �argmax(x)Prop.

Log-sum-exp:

Soft-max: SM"(x)
def.
= rxLSE(x) =
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LSE trick:

LSE"(x) = LSE"(x�max(x)) + max(x)

Unstable Stable
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David Cox

P(Class(x) = k)
def.
= SM((hx, w`i)`)k

Soft-max:

Logit model:

Log-sum-exp:

Logistic classification:

yi,k = P(Class(xi) = k)Training data: (xi, yi)i

min
(wk)k

P
i LSE((hxi, wki)k)�

P
i,k yi,khxi, wki

SM(u)k
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||x||pp
def.
=

P
i |xi|p

p = 1 p = 2 p = 4 p = 1p = 0.5 p = 0.75 p = 1.5
Non-convex Non-sparse

David Donoho
Robert  

Tibshirani

`p “norms”

Lasso / Basis-Pursuit:
min
Ax=y

||x||1

min
x

||x||1 +
1

2�
||Ax� y||2

� ! 0



✓ = 0Lasso Ridge ✓ = 1✓ = 1/2Ellastic net�

x� 2 argmin
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2�
||Ax� y||2 + (1� ✓)||x||1 +

✓

2
||x||22

� 7�! x�Regularization path:

Elastic net:



Supervised learning: Observations: (ai, yi)i, parametric model: g(x, a)

Classification:

Regression: yi ⇡ g(x, ai)

yi ⇡ ✓(g(x, ai))
✓(u) = (1 + eu)�1

Empirical risk minimization: min
x

f(x) = 1
n

P
i `(g(x, ai), yi)

`(y, y0) = |y � y0|2

`(y, y0) = log(1 + e�yy0
)

min
x

f(x)

f(x)
def.
= Ez(f(x, z))f(x)

def.
= 1

n

Pn
i=1 fi(x)

finite sum / empirical integral / expectation

sampling

n ! +1


