Machine Learning
& Inverse Problems



Inverse Problems

y=Af +w %

Aly=(ATAf+ A w
def. def. def.
= u = () =

Regularlzed inversion:

min o _JAf — ]2 + M fI°
fr=(C+ Ad,)~"

Statistical Learning

y=Xf+e¢ L/

def. def. def.
= ’ll’n. — Cfn

l n— 400 l (T 250 1.0.d:
u=E(yz) C=E(zz")
Empirical risk minimization:

1
e X — 2 5 2
min o 1Xf — l? + 2]
n=(Cp + Ndp)

Exact covariance C  <----omeomemmeefooronmmnnnnnnn. » Noisy covariance C,,

Deterministic bounded noise 7 <

def.

Nalselevelie = el .o » Noise level |[7n]| ~ e =n

-------------------------- » Random noise 7,
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SOlVing = Ax e R™ A € RMXn

Determined (m = n): z=A"ly

Over-determined (m > n):  min |Az — y|?

z=(ATA) ATy = Aty




Automatic Differentiation

forward

backward

How to compute V£, ,(6)7 by 4(0) = L(f(x,0),y)

Chan rule: Y&, (0)= @], 9)]T

(VL(f(x,0),y))

Linear f(z.8) =6 x =: df(z,0) = 6.

Non-lincar f(x,): painful ...

but £, , it is just a computer program.

Computer program < directed acyclic graph < linear ordering of nodes (6;.)
computing £

function £(61,...,0.)

farp=MA1...., B

| & = .Q-r'(BI’arents(r))
return Op

function V¥(6y,...,60n)
Nt =1
for p=R—luuasyl

Vb= 0.gs(6) Vb
sCChild(r)

"\ 90, 2 805 06,
N

return (Vi ., Vark)

output

_,.

computing V£
“or 90,

e " seChild(r) l
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y — argmin |x|;

Ax=y







P hall: K= {zeR"; ST
Bulk: B = {z €R"; > i




Setup: £ : R" — R computable in K operations.

def ForwardNN(A,b,Z):
& =00
X.append(2)
for r in arange(0,R):
X.append( rhoF( A(r].dot(X[r]) + tile(b/r],[1,Z.shape[l]]) ) )
return X

Hypothesis: elementary operations (a X b,log(a),/a ...)

and their derivatives cost O(1).

Question: What is the complexity of computing V&€ : R™” — R"?

VEWD) ~ 2(E(0+6,) — £(0)... . E(0+28,) — £(0))

Finite differences: c
K(n + 1) operations, intractable for large n.

Theorem: there is an algorithm to compute V& in O(K') operations.

'Seppo Linnainmaa, 1970]

def RackwardNN(A,b,X):

This algorithm is reverse mode | &, oesiisl 0 7 e o gradient

M = rhoG( A[r]).dot(X[xr]) + tile(b[(rl,[1,n]) ) * gx

automatic differentiation gx = A[x].transpose () .dot(H)
giA[r] = M.do:t[X|[r].trancposc())
gb[r] = MakeCol(M.sum(axis=l))

return [gA,qgb]




Lr4+1 = g?“ CET?

Proposition: Vr=R,...,0, V, &=
Vo € =

T W W

$R+1 y

Oz, 9R(Tr, er)]T (V:cr+1 £)
:aergR(:Era er)]T (vﬂfr+1 5)

FExample: deep neural network x,.1 = p(A4,x, +b,)

Vo £ =AM,
\VIT:R,...,O, vArg:MTaj:
Vy & = M,.1

M, = o' (Arzr +b,) O Vg, E

def ForwardNN(A,b,2Z):
X =[]
X.append(Z)
for r in arange(0,R):
X.append( rhoF( A[(r].dot(X[r]) + tile(b(r],[1,Z.shape[l]]) ) )
return X

def BackwardNN(A,b,X):
gx = lessG(X[R],Y) # initialize the gradient
for r in arange(R-1,-1,-1):
M = rhoG( A[r]).dot(X[r]) + tile(b[(rl,[1,n]) )
gx = A[r].transpose().dot(M)
gi[xr] — M.do:z[X[r].transposc())
gb[r] = MakeCol(M.sum(axis=l))

return [gA,gb]

~ gx
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E Rnr+1 XNy

:ET—|—]_ p— g’l“(x’l“) R T — R r+1 ng( ) _ [agR(CIZ‘R)] RnRXl &

d9(z) = Ogr(rr) X dgr—1(TR-1) X ... X g1(w1) X Dgo(0)

Chain AR
rule: 14c =D Ar_1 XX | Ay | x| Ay ||
nR
NR—1 ZHE
Gg(x) — (( .. ((AO X Al) X AQ) D AR_Q) X AR—l) X AR
Forward nonine NR—2NR—1NR
O(n?) n1M2N3 NR—1MR

Complexity: (if n, =1forr=0,...,R—1) (R —1)n° + n?

Backward 89(37) = A() X (Al X (AQ X ... X (AR_2 X (AR—l X AR)) .. ))
O(TLQ) n1res NrR—1MR
noni NR—2NMR—1
Complezity: Rn?




Log-sum-ezp: LSE.(z) = elog ) eTi/E

Soft-maz: SM,(z) = V,LSE(x)

Prop. LSE.(x) — max(z) SM.(z) ==

LSE trick:

e—0

—0 5
argmax(x)

LSE.(z) = LSE.(xz — max(x)) + max(x)
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Logit model:  P(Class(x) = k) = SM(((xz, we))e)xk

Soft-max:  SM(u) =

Log-sum-exp: LSE(u) = log Y., e

Training data: (x;,y;) y; r = P(Class(z;) = k)
Logistic classification:
(m1§1 Z LSE 337,7 wk - z L Yik CI?@, wk
Wk )k
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Non-convex Non-sparse



1 0
Elastic net: ) € argmin | Az —y|* + (1 = 0) |z, + ][>

Regularization path:
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Lasso 6 =0 N\ Ellastic net 0 = 1/2 Ridge 6 =1




Supervised learning: Observations: (a;,¥;);, parametric model: g(x,a)

Regression: yi ~ g(x,a;) Uy, y') =y — ?/‘2

Classification: Y ~ 0(g(x,a;)) Uy, y') = log(l+ e YY)
O(u) = (1+e*)™
1

Empirical risk minimization: min f(z) = = > . l(g(z,a;),y:)

n

min f(x)

T

sampling
<

f(z) = Eu(f(x,2))

>

flz) = L3570 fiz)
n — +00

finite sum / empirical integral / expectation



