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14 Entropic Regularization of Optimal Transport

Remark 1.10 (Hilbert metric). As initially explained by [Franklin
and Lorenz, 1989], the global convergence analysis of Sinkhorn is
greatly simplified using Hilbert projective metric on Rn

+,ú (positive
vectors), defined as

’ (u, u
Õ) œ (Rn

+,ú)2
, dH(u, u

Õ) def.= log max
i,iÕ

uiu
Õ

iÕ

uiÕuÕ

i

.

This can be shows to be a distance on the projective cone Rn
+,ú/ ≥,

where u ≥ u
Õ means that ÷s > 0, u = su

Õ (the vector are equal
up to rescaling, hence the naming “projective”). This means that
dH satisfies the triangular inequality and dH(u, u

Õ) = 0 if and
only if u ≥ u

Õ. This is a projective version of Hilbert’s original
distance on bounded open convex sets Hilbert [1895]. The projec-
tive cone Rn

+,ú/ ≥ is a complete metric space for this distance.
It was introduced independently by [Birkho�, 1957] and [Samel-
son et al., 1957]. They proved the following fundamental theorem,
which shows that a positive matrix is a strict contraction on the
cone of positive vectors.

Theorem 1.1. Let K œ Rn◊m
+,ú , then for (v, v

Õ) œ (Rm
+,ú)2

dH(Kv, Kv
Õ) Æ ⁄(K)dH(v, v

Õ) where

Y
_]

_[

⁄(K) def.=
Ô

÷(K)≠1
Ô

÷(K)+1
< 1

÷(K) def.= max
i,j,k,¸

Ki,kKj,¸

Kj,kKi,¸
.

Remark 1.11 (Perron-Frobenius). A typical application of Theo-
rem 1.1 is to provide a quantitative proof of Perron-Frobenius
theorem, which, as explained in Remark 1.13, is linked to a lo-
cal linearization of Sinkhorn’s iterates. A matrix K œ Rn◊n

+ with
K

€1n = 1n maps �n into �n. If furthermore K > 0, then ac-
cording to Theorem 1.1, it is strictly contractant for the met-
ric dH, hence there exists a unique invariant probability distri-
bution p

ı
œ �n with Kp

ı = p
ı. Furthermore, for any p0 œ �n,

dH(K¸
p0, p

ı) Æ ⁄(K)dH(p0, p
ı), i.e. one has linear convergence of

the iterate of the matrix toward p
ı. This is illustrated on Figure 1.6.
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Cauchy-Binet formula:

Binet–Cauchy identity: (case m = 2)
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Theorem: 8 distinct (xi)ni=0, 8 (ai)i, 9!P 2 Rn[X], 8i, P (xi) = ai.

Ki(x) = Li(x)
2(x� xi)P (x) =
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i aiHi(x) + biKi(x)
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