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Lonvex Optimization

Setting: G :H — RU{+o0}
H: Hilbert space. Here: H = RY.

Problem: min G(x)
rEH
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H: Hilbert space. Here: H = RY.
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rEH

Class of functions:
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Convex Optimization

Setting: G :H — RU{+o0}
H: Hilbert space. Here: H = RY.

Problem: min G(x)
rEH

Class of functions:
Conver: G(tr+ (1 —t)y) <tG(x)+ (1 —t)G(y) te]|0,1]

Lower semi-continuous:  liminf G(x) > G(x¢) PN

Tr—T(

Proper: {x € H\ G(x) # +oo} # () \_/'




.i:' - Convex Optimization

Setting: G :H — RU{+o0}
H: Hilbert space. Here: H = RY.

Problem: min G(x)
x€H

Class of functions:
Conver: G(tr+ (1 —t)y) <tG(x)+ (1 —t)G(y) te]|0,1]

Lower semi-continuous:  liminf G(x) > G(x¢) PN

Proper: {x € H \ G(x) # +oo} # 0 \\-/.
>
| | 0 if zeC,
Indicator: e(x) = { +00 otherwise.

(C closed and convex)



Inverse problem: measurements y=/Kfy+w

.y k K:RY -RP., P<N



Inverse pmblem° measurements y = Kfy+ w

‘ k‘ K:RY -RP, P<N

Model: fo — Uz sparse in dictionary ¥ € RVXQ Q > N
rERY | W |f=wreRN| K |y=KfeR"

. > . > )
coeflicients image observations

‘ ® =Kol c R T




Example: ¢! Regularization

Inverse problem: measurements y=/Kfy+w

h / o S o
J ) & 4 i . N P
[ 1;‘ (';‘ A | -

Model: fo = ¥xq sparse in dictionary ¥ € RV*@ Q > N.

r € RY \I!)f:\pg;g]RN ]C)y:/CfE]RP

coeflicients image observations

‘ ® =Kol c R T

Sparse recovery: f* = Wx* where z* solves

1
in [=[y — @z[?]| + [
min Sy =@z|H +| Al

Fidelity  Regularization



Inpainting: masking operator K

(le)z-:{ f. if i€,

0 otherwise.

K:RY R P=|Q

U ¢ RV*XQ translation invariant wavelet frame.




Overview

e« Smooth optimization



Conditionning;:
def. [

Hypotheses:  pld, < 0°f(x) = LId,

strong convexity smoothness e =7 <1
Quadratic U(x) T(z) = f(zo) + (VF(20), z — 20)
. L
lower / upper V(x) Ulz) = T(z) + o Iz — o :
‘ T(z)
approximants. " v
X0 V(z) = T(x) + ) x — x|’
Gradient descent: Tht1 = Tk — Tk V f(2k)
Theorem: T L < 400, 0<7<2  flag) - f@") < —
’ L (+1
2 |z, — 2*| < p°zo — 27|

It u>0L<+00, 0<7< = !
L p:(1—|—5)_§<1






Top1 = ¢ — 7V f(@e)

7y = argmin f(z, — 7V f(14))

T

,,,,—:v::a—:—:::::—;—;—,—r,—rﬂ Y

Small Optimal 7 : i



Newton method:




mgverview !n'f

e Motivation for Non-smooth Optimization



/P “norms” H:EH£ = > i |zslP

, 1
min [, + Az —y[* —

e SS

. / ‘;-""f’Robert - \r
Ay Izl < N o 0 |/ Tibshirani} !

Lasso / Basis-Pursuit:

p=0.5
Non-convex Non-sparse




. 1 0
Ellastic net: ), € argmin Q—HAx —y|*+ (1= 0)|x| + §H$H§

- A

Regularization path: A —— x)

=
//

|
7 r/
Lasso 6 =0 \ Ellastic net 0 =1 /2 Ridge 4 =1




-Overview

e Subdifferential Calculus

e Proximal Calculus

« Forward Backward

e Douglas Rachford

e Generalized Forward-Backward

e Duality



- b-differential

Sub-differential:
0G(x) ={ue H\Vz G(z) 2 Gx)+ (u, z—x)}




Sub-differential

Sub-differential:
0G(x) ={ue H\Vz G(z) 2 Gx)+ (u, z—x)}

Smooth functions:

If Fis CY, OF (z) = {VF(z)}




Sb-differential

Sub-differential:
0G(x) ={ue H\Vz G(z) 2 Gx)+ (u, z—x)}
G(z) = [z

Smooth functions:

If Fis CY, OF (z) = {VF(z)}

9G(0) = [—1,1]

First-order conditions:

r* € argmin G(z) <= 0 ¢ 0G(z*)
rEH



Sb-differential

Sub-differential:
0G(x) ={ue H\Vz G(z) 2 Gx)+ (u, z—x)}
G(z) = [z

Smooth functions:

If Fis C*, 0F (xz) = {VF(x)}

First-order conditions: 0G(0) = [-1,1]
* e in G *
27 € argmin (z) = 0€ IG(z*) ()
Monotone operator: U(x) = 0G(x) >l
V(u,v) € U(x) x U(y), (y—z,v—u)=>0



£Example: ¢! Regularization

1
r* € argmin G(z) = = |y — ®z|* + M z|:
rERR 2

0G(z) = @7 (Px —y) + Ad| - [1(z)

sign(x;) 1if x; #0,
O - 1(z)i = { [_gly(l] ) itz :73



£Example: ¢! Regularization

1
r* € argmin G(z) = = |y — ®z|* + M z|:
rERR 2

0G(z) = @7 (Px —y) + Ad| - [1(z)

sien(x;) if x; #0, Ty
@,

® 0T>7j

Support of the solution: e l
I={ie{0,...,N —1}\ o #0}



1
r* € argmin G(x) = 5y — @] + Azl

rERR
0G(z) = " (Pz —y) + AJ| - [1(2)
| - | sign(x;) if x; #0, Ty
o (@) —{ L] i 2= 0. T '
= —o— 1

Support of the solution: e l

I={ie{0,...,N —1}\ o #0}
First-order conditions: \ <90zay—q)l’* ny

Js e RN, " (dz* —y) + As =0 ? T

s T8




xample: Total Variation Denoising

Important: the optimization variable is f.

£+ € argmin _ |y — fI* + AJ()
fERN

Finite difference gradient: V :RY — RY*? (Vf); € R?

Discrete TV norm:  J(f) = Z [(V )il




Example: Total Variation Denoising

1
f* € argmin = |y — f|* + AJ(f)

J(N) =GNV Gl =) fuil
Composition by linear maps: 0(Jo A) = A" 0 (0J)o A

0J(f) = —div (0G(V f))

—i 1wy # 0,

e — b Tl
o6 u) {{HERQ\HHU 1} if w; =0.



.iE' - Example: Total Variation Denoising

1
f* € argmin = |y — f|* + AJ(f)
Can 2

J(H) =GV Gu) =) [uil
Composition by linear maps: 9(JoA) = Ao (0J)o A

0J(f) = —div(0G(V))

—i 1wy # 0,

o), — b T
o6 u) {{neR“ww 1} if w =0,

First-order conditions: Jv € RNXQ, ff=y+ Adiv(v)

4 *
V1 EI, V; = Vi

NEEE I=1{i\ (Vf*); #£0}

L Vi€ ]c, HU’L” <




Overview

e Subdifferential Calculus

e Proximal Calculus

« Forward Backward

e Douglas Rachford

e Generalized Forward-Backward

e Duality



Proximal Operators

Proximal operator of G:

1
Prox,q(z) = argmin 5”:13 — 2| +vG(2)



Proximal operator of G:

1
Prox,q(z) = argmin 5”33 — 2| +vG(2)

Indicators: G(x) = ic(x)

Prox,a (z) = Proj¢(z) 2 C(:E),.
= argmin |z — z| ¢
ze€C



LProximal Operators

Proximal operator of G:

1
Prox,q(z) = argmin 5”:1: — 2| +vG(2)

Indicators: G(x) = te(x) . ZE
Prox,a (z) = Proj¢(z) 2 C(:E),.
— argmin |x — z| ¢
zeC
2 . &
(< norm squared. PI‘OX%”,”z(ZE) 135

(" norm:  G(z) =zl =) |z

Prox,q(x); = max (O, 1 — ’W ‘) T;
L



Proximal Calculus

Separability: G(x) = Gi(x1) + ...+ Gp(ay)
Proxg(x) = (Proxg, (x1), ..., Proxq, (x,))



LProximal Calculus

Separability: G(x) = Gi(x1) + ...+ Gp(ay)
Proxg(x) = (Proxg, (1), ..., Proxqa, (x,))

Quadratic functionals:  G(x) = %H(I)CIZ — Y H2
Prox,¢ = (Id + yO* D)1 p*
= &*(Id + yod*) !



X Proximal Calculus

Separability: G(x) = Gi(x1) + ...+ Gp(ay)
Proxg(x) = (Proxg, (1), ..., Proxqa, (x,))

1
Quadratic functionals:  G(x) = §H<I>a: — Y H2
Prox,¢ = (Id + yO* D)1 p*
= &*(Id + yod*) !

Composition by tight frame: Ao A" =1d
Proxgoa(x) = A* o Proxgo A+Id— A" 0 A

Ortho-basis A: Proxgoa = A* o Proxg o A



Non-convex Proximal Operators

Proximal operator of G:

1
Prox,q(z) = argmin 5”33 — 2| +vG(2)



Proximal operator of G:

1
Prox,q(z) = argmin 5”33 — 2| +vG(2)

Gz) =z = ) |ai]

1

G(z) = |zfo = {7\ z; # O} |

Gla) = Y log(1 + aif?)




X Non-convex Proximal Operators

Proximal operator of G:

1
Prox,q(z) = argmin 5”:1: — 2| +vG(2)

G(a) = [a]i = ) |xil
Prox g (z); — max (O, - > T

4]

G(z) = |zfo = [{i \ = # 0}
x; if |z > V27,
Proxvg(w)i:{ i 6

0 otherwise.

Gla) = Y log(1 + aif?)

— 3rd order polynomial root.




1

Proxs(z) = argmin 5”:1: —2'|? + f(2")

Non-convex

x

p=0 p=05p=1

fz) = |afP

| Prox ()

Convex
p=1 p=15 p=2
f(z) = |z|P
PI‘OXf( )




Prox)¢(z) = argmin
:C/

L2

1
e — 21+ Af()

0
——0—0—0—0—> )

-/

flz) = ]z + |22

f(@) = max(|z1], [z



X Prox and Subdifferential

Resolvant of 0G :
z = Proxyq(z) — 0€z—x+70G(z)
— z€(Id+90G)(2) «— z=(Id+~0G) (x)

Inverse of a set-valued mapping:
where r € U(y) <y € U™ (x)

Prox,q = (Id + vé’G)_l is a single-valued mapping



Prox and Subdifferential

Resolvant of 0G :
z = Proxyq(z) — 0€z—x+70G(z)
— z€(Id+90G)(2) «— z=(Id+~0G) (x)

Inverse of a set-valued mapping:
where x € U(y) < y € U1 (x)
Prox,q = (Id + vyOG)™! s a single-valued mapping
Fix point:  x* € argmin G(x)
— 0¢ 6‘(}(;*) — z* € (Id+~0G)(x™)
e 2= (Id +v0G) ' (2*) = Prox,g(x*)



£X ¥ Gradient and Proximal Descents

Gradient descent: T =2 —~,VG(2W) lexplicit]
G is C! and VG is L-Lipschitz

Theorem: 1If 0 < v, < 2/L, ) — z* a solution.




m”’ iE-I[ Gradient and Proximal Descents n'i

Gradient descent: T =2 —~,VG(2W) lexplicit]
G is C! and VG is L-Lipschitz

Theorem: 1f 0 < v, < 2/L, ) — z* a solution.

Sub-gradient descent: ™Y =) —~,00) ) 5’G(Q;(€))

Theorem: If v ~1/¢, 2¥) — x* a solution.

—— Problem: slow.



mment and Proximal Descents Ei:

Gradient descent: T =2 —~,VG(2W) lexplicit]
G is C! and VG is L-Lipschitz

Theorem: 1f 0 < v, < 2/L, ) — z* a solution.

Sub-gradient descent: ™Y =) —~,00) ) (3‘G(:13(€))

Theorem: If v ~ 1/¢, 2¥) — x* a solution.

—— Problem: slow.

(£+1) _

Proximal-point algorithm: x Pl”OXfwg(CE(E)) [implicit]

Theorem: 1f vp > ¢ > 0, ) — z* a solution.

— Prox,g hard to compute.



Overview

e Subdifferential Calculus

e Proximal Calculus

e Forward Backward

e Douglas Rachford

e Generalized Forward-Backward

e Duality



-Proximal Splitting Methods

Solve  min F(x)
rcH

Problem: Prox,g is not available.



m ;E;: Proximal Splitting Methods Z!li:

Solve  min F(x)
rcH

Problem: Prox,g is not available.

Splitting:  E(x) =|F(x)|+ Z Gi(x)

Smooth Simple



| -IE' Proximal Splitting Methods -

Solve  min E(x)
reEH

Problem: Prox,g is not available.

Splitting:  E(x) =|F(x)|+ Z Gi(x)

Smooth Z Simple

Iterative algorithms using: < . F(x)
I

0X~ G, ()
Forward-Backward: solves > ' + (¢
Douglas-Rachford: > Z G
Primal-Dual: > Z GioA

Generalized FB: > [+ Z G



Smooth + Simple Splitting

Inverse pmblem' measurements y = Kfy+ w

Model: = Wz, sparse in dictionary W.

Sparse recovery: f* = Wx™* where x™ solves

min [ F(z)|+H G(x)

rERN
Smooth Simple
. 1
Data fidelity:  F(x) = 5”?/ — oz P=KoWU

Regularization: G(z) = |z|1 = Z 2]



Frward-Backward

Fix point equation:
r* € argmin F(QZ) + G(CU) — (€ VF(CE*) + 5’G(5L‘*)
= (¢* —VF(a")) € 2* +19G(z")

— " =Prox,g(z* —yVF(z"))



X Forward-Backward

Fix point equation:

z* € argmin F'(z) + G(r) «— 0 € VF(z*) + 0G(z*)
& (¥ —~yVF(z")) € ¥ + v0G(x™)

<— 2" =Prox,g(z* —yVF(z"))

Forward-backward: | x = Prox,q (Jj(e) —yVF ($(£))>




Forward-Backward
Fix point equation:
z* € argmin F'(z) + G(zr) «—= 0¢c VF(z*) 4+ 0G(z*)
& (¥ —~yVF(z")) € ¥ + v0G(x™)

<— 2" =Prox,g(z* —yVF(z"))

Forward-backward: | x = Prox,q (Jf(e) —yVF (:1:(6))>

Projected gradient descent: G =



R”’g iE-I[ Forward-Backward EI-E

Fix point equation:
z” € argmin F(z) + G(z) «— 0 € VF(z*) + 0G(z*)
& (¥ —~yVF(z")) € ¥ + v0G(x™)

<— 2" =Prox,g(z* —yVF(z"))

Forward-backward: | ™) = Prox,q (x(@ —YVF (:1:(6))>

Projected gradient descent: G =

Theorem: Let VF' be L-Lipschitz.
If v<2/L, 2 — 2*  a solution of (%)




VFE(z) = & (dz — y) L=[0*d)|

G(z) = Az

A
Prox,q(x); = max (O, ] ) T

Forward-backward <—

Iterative soft thresholding




X 5 .Convergence Speed

min F(z) = F(x) + G(x)

T

VF'is L-Lipschitz.

(G is simple.

Theorem: If L > 0, FB iterates z(©) satisfies
E(z\9) — E(z*) = O(1/1)

C degrades with L — 0.



iE' Multi-steps Accelerations

Beck-Teboule accelerated FB: +0) — 1
1
) — Prox, 1 (y@ 1y F(yw)))

P BV )

&) — 1
D) — (1) (z(+D _ 2(0)

(see also Nesterov method)

Theorem: If L >0, E(zY)—E(z*) = 0(1/¢?)

Complexity theory: optimal in a worse-case sense.



Tkt+1 = Tk + Pk

Vf(xy) Polyak
Vf(zr + upr) Nesterov

Pk+1 = HPE —T{

Yurii
Nesterov




Gradient descent

Tpi1 = Tk — TV f(x))

T — Ol kt —t
dz(t)
o = V()

Theorem:

f(zx) = f(27) = O(1/k)

f(zx) — f(z*) = O(1/K%)

Nesterov’s acceleration

Tht1 = Yk — TV f(Ys)
k

k+ 3
T%Olk\/;%t

Yk+1 = Th41 T (Tk+1 — xk)

Yurii
Nesterov



Overview

e Subdifferential Calculus

e Proximal Calculus

« Forward Backward

e Douglas Rachford

e Generalized Forward-Backward

e Duality



min |G ()

Douglas-Rachford iterations:

Simple

_I_

GQ (CIZ)

Simple

()

L+1) _ (1 _ ¢
2

0+1
D — Prox,qg

) 29 4 %RPIOX7G2 o RProx~q, (2\9)

(D)

Reflexive prox:

RProx,q(x) = 2Prox,q(z) —



min|Gy (z)

Simple

Douglas-Rachford iterations:

_I_

Ga(z) (%)

Simple

2
$(5-|—1) _ PIOX’yGl (Z(E-I—l))

2 — (1 — E) 29 4 %RPTOX7G2 o RProx~q, (2\9)

Reflexive prox:

RProx,q(x) = 2Prox,q(z) —

) — z*

Theorem: ITt0<a<2andy>0,

a solution of (%)




m ;E‘; DR Fix Point Equation E-E

min G (z) + Ga2(z) <= 0¢ 0(G1 + Go)(x)

T

< dz, z—x€0(vG1)(zx) and x— 2z € I(yGs)(x)

& x=Prox,g,(2) and | 2z —2) — z € I(vG2)(z)




zX o DR Fix Point Equation

min G (z) + Ga2(z) <= 0¢ 0(G1 + Go)(x)

T

< dz, z—x€0(vG1)(zx) and x— 2z € I(yGs)(x)

< z =Proxyg,(2) and | 2z —2) —z € 9(vGs)(x)

rt1iv1l

r = Proxyq, (22 — 2) = Prox,q, o RProx,q, (?)
z = 2Prox,q, o RProxq, (y) — (22 — %)

z = 2Prox,q, o RProx,q, (2) — RProx,q, (?)
z = RProx,g, o RProx,¢g, (2)

z = (1 — %) z + %RPmX,YG2 o RProx~a, (2)



Convex

Non-convex

Iterative Projections

rrr1 = Pp(Paxy)

P4 = Proj,

Douglas-Rachford

def

zr = Pa(yx) = 2Pa(yx) —

Yk




[terative Projections Douglas-Rachford

def.

Tht1 = PB(PACUk) Lk = pA(yk) = 2Pa(yr) — Yk
1 I
Py = Projy, Ye+1 = 5 Yk + §PB(£C/<:)




X Example: Constrainted L1

min |o]i <= min Gi(z) + G2(2)

Gi(x) = ic(x), C={x\ Px =y}
Prox,q, (z) = Projq(x) = x + ®*(®®*) "' (y — dx)

Ga(x) =zl Prox,g,(z) = <max (0,1 - )fﬂ)

4]

— efficient it ®P* easy to invert.



X Example: Constrainted L1

min |o]i <= min Gi(z) + G2(2)

Gi(x) = ic(x), C={x\ Px =y}
Prox,q, (z) = Projq(x) = x + ®*(®®*) "' (y — dx)

Ga(x) =zl Prox,g,(z) = <max (0,1 - )fﬂ)

4]

— efficient it ®P* easy to invert.

logy (|21 — |2*]1)
FErample: compressed sensing

d c R1VOX400  Faussian matrix 2

3y = 0.01
y = dxg |zolo = 17 B
Sty = 10 ‘ /







X More than 2 Functionals

min G1(z) + ... + Gg(z) each F; is simple

T

— min  G(x1,...,xk) + te(x1, ..., 28)

(:El,...,ajk;)

G(x1,...,2k) = Gi(x1) + ... + Gi (k)

C:{(Cﬁl,...,ﬂik)GHk\QIl:...:CIZk}

GG and (¢ are simple:

f?roxwg(xl, e, T) = (PI'OXWG?; (7))

i
q _ _ . 1
Prox,,.(z1,...,2k) = (Z,...,2)  where I = E sz
i



Auxiliary Variables: DR

min G1(x) + G2 o A(x) Linear map A : £ — H.
LeHRE G(2) +tc(2) G1, Gy simple.

G(:E,y) = Gy (37) + Gg(y)
C:{(xay)EHXE\Aaj:y}



Auxiliary Variables: DR

min G1(x) + G2 o A(x) Linear map A : £ — H.
LeHRE G(2) +tc(2) G1, G simple.

G(z,y) = Gi(x) + G2(y)
C={(r,y) e HxE\ Az = y}

Prox,g(z,y) = (Proxyq, (), Proxya, (v))

Prox,. (2,4) = (z + A",y — §) = (& A

(Id + AA*) 1 (Az — y)

(Id + A*A) A%y + 7)

— efficient if Id + AA* or Id + A* A easy to invert.

Y

X

where




X Example: TV Regularization

1
min 2|Kf —yl* + AVl July = ) il
< mmiIl G1(f)+ Go o V(f)
Gi(u) = |ul; Prox,q, (u); = max ((), 1 — HZ H) U;

Go(f) = =IKf—yl2  Proxsa, = (Id 4 7KK) 1K
C={(f,u) eRY xRY**\ u=Vf}
Prox,. (f,u) = (f7 Vf)



. Example: TV Regularization

1
min S[Kf —yI* + AV /I luls = ) luil
< mmiIl G1(f)+ Go o V(f)
Gi(u) = |ul; Prox,q, (u); = max (O, 1 — HZ H) U;

Go(f) = SIKf —yl? Prox,q, = (Id +vK*K) ' KC*

Prox,. (f,u) = (f, Vf)
Compute the solution of: (Id + A)f = —div(u) + f
— O(N log(N)) operations using FFT.



Orignal f y=®fy+w Recovery f*

SS=mm

y = Ko [teration E



Overview

e Subdifferential Calculus

e Proximal Calculus

« Forward Backward

e Douglas Rachford

e Generalized Forward-Backward

e Duality



- G,
min | F@ 2L G@ )
Smooth Simple
— 17 ¢ 7n7
z§€+1) (6)—|—Proxm (220 — () _AVE(E®O)) —z®
2 U+1)

(£+1)




GFB Splitting

min [ F(x) [+ ZGz(x) (%)

rERN

Smooth Simple

2 =294 Prox,q, (200 — 29 — 4V F(2®))—2®
(e+1) _ = (4+1)
X n ; 2

Theorem: Let VF' be L-Lipschitz.
Ify<2/L, 2 —z* asolution of (%)




=~ GFB Splitting

min [ F(x) [+ ZGz(x) (%)

rERN

Smooth Simple

2 =294 Prox,q, (200 — 29 — 4V F(2®))—2®
(e+1) _ = (4+1)
X n ; 2

Theorem: Let VF' be L-Lipschitz.
Ify<2/L, 2 —z* asolution of (%)

n = 1 — Forward-backward.
F' = 0 — Douglas-Rachford.



GFB Fix Point

r € argmin F(x) + ), Gi(r) <= 0€ VF(z*) + ). 0G;(z*)

rERN

&  Jdy, € 0G;(z*), VF(z*)+ > 4. =0



X ¥ GFB Fix Point

E argmin F(x)+ > . Gi(r) <= 0€ VF(x*)+ ). 0G;(z*)

rERN

&  Jdy, € 0G;(z*), VF(z*)+ > 4. =0

1
— |[I(z)i—, Vi, - (2* — z; —yVE(2%)) € v0G;(z*)

r* = % Zz 2 (US@ 2 =17 — VVF(CU*) — Ny@-)




GFB Fix Point

v € argmin F(z) + 0, Gi(x) <= 0 € VF(z*) + Y, 0G,(z*)

rERN

&  Jdy, € 0G;(z*), VF(z*)+ > 4. =0

1
— |[I(z)i—, Vi, - (2* — z; —yVE(2%)) € v0G;(z*)

r* = % Zz 2 (USG 2 =17 — VVF(CU*) — Nyi)

— (2% — 2z, —yYVF(z")) — z* € ny0G;(x™)
— 1" =Prox,yq, (22" — 2; —yVF(z¥))

<— z; =2 +Prox,yq, (22" — 2 —yVF(z¥)) — 2~



{ ¥3~.GFB Fix Point

r € argmin F(z) + > . Gi(z) <= 0€ VF(a*) + >_. 0G;(z*)

rERN

&  Jdy, € 0G;(z*), VF(z*)+ > 4. =0

1
— |[I(z)i—, Vi, - (2* — z; —yVE(2%)) € v0G;(z*)

r* = % Zz 2 (USG 2 =17 — VVF(CU*) — Nyi)

— (2% — 2z, —yYVF(z")) — z* € ny0G;(x™)
— 1" =Prox,yq, (22" — 2; —yVF(z¥))

<— z; =2 +Prox,yq, (22" — 2 —yVF(z¥)) — 2~

+ — Fix point equation on (x*, 21,...,2,).




,ﬁ - Block Regularization .

¢t — (% block sparsity: G(x Z |22, |2!%)? = Z z2

bebB meb

Image f = Wx



, - Block Regularization .

¢t — (% block sparsity: G(x Z |22, |2!%)? = Z z2
beb meb
Non-overlapping decomposition: B = Bl J...UB,
n

beh;

Image f - 1CS ._ : | | B 2 —=



o - Block Regularization .

¢t — (% block sparsity: G(x Z |22, |2!%)? = Z z2
beb meb
Non-overlapping decomposition: B=B,U...UB,
n

:ZGi(az) Z L

b B;
Fach G; is simple:

VmebeDB;, Prox,g,(x), =max <O, — ) T




.1 2
min 7 ly — Vx| 4+ A Z Gi(x) U = T1I wavelets




X Overview

e Subdifferential Calculus

e Proximal Calculus

« Forward Backward

e Douglas Rachford

e Generalized Forward-Backward

e Duality



Legendre-Fenchel transform:

G*(u) =

Sup
redom(G)

(u, r) — G(x)

G ()
—G"(u)




XK Legendre-Fenchel Duality =

Legendre-Fenchel transform: \A
G*(U) — Sup <U, £Ij> — G(gj) o
redom(G) G(Qf) ____________
—G™(u)

Example: quadratic functional
1
G(z) = 5(Az, x) + (z, b)

G™(u) = %(u — b, A_l(u — b))




XK Legendre-Fenchel Duality =

Legendre-Fenchel transform: \A
G*(U) — Sup <U, ZC> — G(gj) o
redom(G) G(Qf) ____________
—G™(u)

Example: quadratic functional
1
G(z) = 5(Az, x) + (z, b)

G™(u) = %(u — b, A_l(u — b))

Moreau’s identity:
Prox,c-(2) = & — yProxg/, (z/7)

G simple <= G* simple



JIndicator and Homogeneous

Positively 1-homogeneous functional: G(\x) = |z|G(x)

Example: norm  G(x) = ||z|

Duality:  G*(x) = 1q, ()<1() G (y) = G]Enifil \ )



X Indicator and Homogeneous

Positively 1-homogeneous functional: G(\x) = |z|G(x)

Example: norm  G(x) = ||z|

Duality: G*(z) = 1q, (y<1(x) G.(y) = mi
) ) = Join (2, y)
(P norms: G(z) = |x|, 1 1
-+ —-=1 1< pg<s 4+
G.(x) = ||, p q




FIndicator and Homogeneous

Positively 1-homogeneous functional: G(\x) = |z|G(x)

Example: norm  G(x) = ||z|

Duality: G*(z) = 1q, (y<1(x) G.(y) = mi
) ) = Join (2, y)
(P norms: G(z) = |x|, 1 1
-+ —-=1 1< pg<s 4+
G.(x) = ||, p q

Example: Proximal operator of £°° norm

Proxy).j. = 1d —vProj) |, «,

Projy 1, < (z); = max (O, . ) x;

4]

for a well-chosen 7 = 7(x, )



£ X ¥ Primal-dual Formulation .
Fenchel-Rockafellar duality: ~ A:Hw— L linear
min G1(z) + Gy 0o A(x) = min G1(x) + sup (Az, u) — G5(u)

rEH ueLl



X Primal-dual Formulation

Fenchel-Rockafellar duality: — A:H— L linear
miqril Gi(x) + Gg 0o A(z) = min G1(x) + sup (Ax, u) — G5(u)
T T wEL

Strong duality: 0 € ri(dom(G2)) — A ri(dom(Gy))
(min <> max) = max — G5(u) + min G (z) + (z, A*u)

= max — G5(u) — G7(—A"u)

u



A Primal-dual Formulation .
Fenchel-Rockafellar duality: — A:Hw— L linear
miqril G1(x) + G2 0 A(x) = min G1(x) 4 sup (Azx, u) — G5(u)
xC x weL

Strong duality: 0 € ri(dom(Gs)) — Ari(dom(Gh))

(min <> max) = max — G5(u) Hmin G4 (z) + (z, A*u)

= max — G5(u) — G](—A%u)

u

Recovering x* from some u*:

r* = argmin G1(z*) + (x*, A"u”)




X 5 LPrimal-dual Formulation

Fenchel-Rockafellar duality: — A:H— L linear
miqril G1(x) + G2 0 A(x) = min G1(x) 4 sup (Azx, u) — G5(u)
T T wEL

Strong duality: 0 € ri(dom(Gs)) — Ari(dom(Gh))

(min <> max) = max — G5(u) Hmin G4 (z) + (z, A*u)

= max — G5(u) — G](—A%u)

u

Recovering x* from some u*:

r* = argmin G1(z*) + (x*, A"u”)

— —A"u" € 0G(x™)
— z* € (0G) H(—A*u*) = 0GT(—A*u¥)



JForward-Backward on the Dual

If G; is strongly convex: V?G; > cld
Gh(tz + (1= t)y) < tG1(x) + (1 = )Ga(y) — 5L = )]z — y|?



Forward-Backward on the Dual

If G; is strongly convex: V?G; > cld
Gi(ta + (1= 1)y) <tG1(x) + (1= 1)Gi(y) — 51— t)|e ]

< x* uniquely defined.

G7 is of class C*.

r* = VG (—A"u")




£X ¥ Forward-Backward on the Dual

If G; is strongly convex: V?G; > cld
Gh(tz + (1= t)y) < tG1(x) + (1 = )Ga(y) — 5L = )]z — y|?

< x* uniquely defined. v = VG (— A )
G7 is of class C*.

FB on the dual: I%I/}l;l Gi(z) + Gy o A(x)
= —min G7(—A%u) + G5(u)

uel
Smooth Simple

) = Prox,q: (u(ﬁ) — TA*VG’I(—A*U(E)))




Example: TV Denoising

2 : : 2
- AV d
min 3 Hf yI*+ AV = nin ly + div(u)]

uly =Y fusl Juloo = max Ju;|
)

Dual solution u* ——— Primal solution f* =y + div(u*)

Chambolle 2004]



§ |E' Example: TV Denoising

2 : : 2
— AV min + div(u
min 3 Hf ylI* + AV <= nin ly + div(u)]

uly =Y fusl Juloo = max Ju;|
)

Dual solution u* ——— Primal solution f* =y + div(u*)

FB (aka projected gradient descent): |Chambolle 2004]

u(e_i_l) = PI’Oj He) (U(E) - ’)/V(y = dlv(u(@)))

. U;
v = Proj_<x(u) V; = ’

. max([ug[ /A, 1)
2 1

Convergence if v < [divo V| =7




Primal-Dual Algorithm

;%i% Gi(x) + G o A(x)

< minmax G (x) — G5(z) + (A(x), 2)

T <



X ¥ Primal-Dual Algorithm
;%17111 Gi(x) + G2 0 A(x)
<= minmaxGi(x) — G5(2) + (A(z), 2)

T <

2D — Prox,q: (29 + 6 A(FY)
2 = Prox, g, (9 — 74*(219))

gD = (D) 4 gL — 2 (0)

6 = 0: Arrow-Hurwicz algorithm.
6 = 1: convergence speed on duality gap.



iE' Primal-Dual Algorithm
;Iéi?I_‘l Gl (CIZ) + GQ o A(SIJ)
< minmaxGi(x) — G5(2) + (A(z), 2)

T <

2D — Prox,q: (29 + 5 A(7FY)
) = Prox,q, (z'9 — 74%(29))

gD = (D) gD — 2 (0)

6 = 0: Arrow-Hurwicz algorithm.
6 = 1: convergence speed on duality gap.

Theorem: [Chambolle-Pock 2011]
If 0 <0 <1ando7|A|? < 1 then

¢ — * minimizer of G + G5 o A.




LOther algorithms

e Frank Wolfe, Mirror Descent



Bregman divergence: :
def. QDQO (.CC ‘ y)
(v))

Dy(zly) = ¢(z) —p(y) — (x —y, Vo




Bregman divergence: D, (x|y) = o(x) —o(y) — (. —y, Vo(y))

Mirror descent: xg41 = argmin D, (z|zr) + 7(V f(xk), )
reX

= (Vo) ' (Ve(ar) — 7V f (k)




0,
e

Directional derivative: D, f(x)

=
=
I
—4
<
=
F

v = argmin D, f(xy)
veEK

def.
To41 = Ty +

min f(z)

2+£(W — 22)




onclusion

Inverse problems in imaging:
— Large scale, N > 10°.

— Non-smooth (sparsity, TV, ...)
— (Sometimes) convex.

— Highly structured (separability, F norms, ... ).
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Inverse problems in imaging:
— Large scale, N > 10°.

— Non-smooth (sparsity, TV, ...)

— (Sometimes) convex.

— Highly structured (separability, F norms, ... ).
Proximal splitting: 7emEs

— Unravel the structure of problems.

— Parallelizable.




Inverse problems in imaging:
— Large scale, N > 10°.

— Non-smooth (sparsity, TV, ...)

— (Sometimes) convex.

— Highly structured (separability, F norms, ... ).
Proximal splitting: 7emEs

— Unravel the structure of problems.

— Parallelizable.

Open problems:
— Less structured problems without smoothness.

— Non-convex optimization.



