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Empirical Risk Minimization
<latexit sha1_base64="qogpSA+iGtyTRT9qW+kaVUzGk7A="></latexit>

Dataset: (xi, yi)ni=1.
<latexit sha1_base64="tWGir/SZ5gr3hTfvCnTCad9+t3s="></latexit>

xi 2 Rd
<latexit sha1_base64="uVWqgKXBQAi7UMZl2OFkwa8ZMOY="></latexit>

yi 2 R

<latexit sha1_base64="CrCoGm457sfMJbC4UQwEtG/nICM="></latexit>

Prediction:
<latexit sha1_base64="UoFmwd0JwLOkjQgB4Mu1YJpZ/UQ="></latexit>

y ⇡ f✓(x)

<latexit sha1_base64="xucn0KluqiS+2sH431+hghWQ1h0="></latexit>

Empirical risk minimization:
<latexit sha1_base64="lDqsLzbPrMD8XiEdi+sGTF4wS0s="></latexit>

min
✓

1

n

nX

i=1

`(f✓(xi), yi)

<latexit sha1_base64="DNjEGWiMJ7xvHePVPOk/dUNxAno="></latexit>

Least square: `(y, y0) = (y � y0)2

<latexit sha1_base64="CrKPesJfN2NPcC07kJ1rxeWDeMk="></latexit>

(xi, yi)
<latexit sha1_base64="8Ow88W7UxhdQcE0MSvkUEWHj3MA="></latexit>

f✓

<latexit sha1_base64="iiEJtbSvnJOEhKlcTJSBVIUKSUs="></latexit>

f✓0

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x

<latexit sha1_base64="WI2HEUK7U7Ib1a7UKFHMW+OpF90="></latexit>y



Empirical Risk Minimization
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Empirical risk minimization:
<latexit sha1_base64="lDqsLzbPrMD8XiEdi+sGTF4wS0s="></latexit>

min
✓

1

n

nX

i=1

`(f✓(xi), yi)

<latexit sha1_base64="DNjEGWiMJ7xvHePVPOk/dUNxAno="></latexit>

Least square: `(y, y0) = (y � y0)2

<latexit sha1_base64="WTPuWnlYdMFZlI/CyjYBH3ekIXM="></latexit>

Logistic: `(y, y0) = log(1 + e�yy0
)

<latexit sha1_base64="08r+ETIf/kZ9BgX0cLvVNnahwTE="></latexit>

yi 2 {�1, 1}<latexit sha1_base64="ko4+oxLeYpRSWLgVO+9ho1wq2lQ="></latexit>

Classification:
<latexit sha1_base64="CW+UzCt+gETSXtJ7DHvkDzHfM5s="></latexit>

y ⇡ sign(f✓(x))

<latexit sha1_base64="CrKPesJfN2NPcC07kJ1rxeWDeMk="></latexit>

(xi, yi)
<latexit sha1_base64="8Ow88W7UxhdQcE0MSvkUEWHj3MA="></latexit>

f✓

<latexit sha1_base64="iiEJtbSvnJOEhKlcTJSBVIUKSUs="></latexit>

f✓0

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x

<latexit sha1_base64="WI2HEUK7U7Ib1a7UKFHMW+OpF90="></latexit>y

yi = +1

yi = �1



Empirical Risk Minimization
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)
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yi 2 {�1, 1}<latexit sha1_base64="ko4+oxLeYpRSWLgVO+9ho1wq2lQ="></latexit>

Classification:
<latexit sha1_base64="CW+UzCt+gETSXtJ7DHvkDzHfM5s="></latexit>

y ⇡ sign(f✓(x))

<latexit sha1_base64="CrKPesJfN2NPcC07kJ1rxeWDeMk="></latexit>

(xi, yi)
<latexit sha1_base64="8Ow88W7UxhdQcE0MSvkUEWHj3MA="></latexit>

f✓

<latexit sha1_base64="iiEJtbSvnJOEhKlcTJSBVIUKSUs="></latexit>

f✓0

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x

<latexit sha1_base64="WI2HEUK7U7Ib1a7UKFHMW+OpF90="></latexit>y

<latexit sha1_base64="ediiNVtd57O/MEzSf8A+Yck/Hfw="></latexit>

Overfitting, regularization, . . .

yi = +1

yi = �1



Linear model (1 layer)
<latexit sha1_base64="fpFKG9ItOKdtii1xLRoQrxil3sU="></latexit>

f✓(x) = hx, ✓i =
P

k xk✓k

x f(x) = 0

x

y y = f(x)

<latexit sha1_base64="+XMTGU2h84i8kefw5ntE/6bvDrk="></latexit>

y = hx, ✓i

<latexit sha1_base64="e28RrObc11sWn0kQ5h8O8+nwJLU="></latexit>x1

<latexit sha1_base64="8fJQ441uQeL54tkhtX/5TOvRTK0="></latexit>xd

<latexit sha1_base64="fE3rdXmbVBpApvDfMbC5u6HdDmI="></latexit>

✓d

<latexit sha1_base64="ki7nwGdAmEGxp6MgNOP55iKvCr8="></latexit>

✓1

<latexit sha1_base64="bndq4rqhHbqPw9mJu61gLB09r4Y="></latexit>

...

<latexit sha1_base64="bUJ02qeI41DxuTDiB2vInHl2EVQ="></latexit>

Regression

<latexit sha1_base64="OlDgU+OKIQz+ynHUitJ8TvkH7r8="></latexit>

Classification:
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✓1

<latexit sha1_base64="bndq4rqhHbqPw9mJu61gLB09r4Y="></latexit>

...

<latexit sha1_base64="bUJ02qeI41DxuTDiB2vInHl2EVQ="></latexit>

Regression

<latexit sha1_base64="OlDgU+OKIQz+ynHUitJ8TvkH7r8="></latexit>

Classification:

<latexit sha1_base64="oZtLSn/RQ6q3EYWRSzhaZE3zewI="></latexit>

min
✓

, 1

n

nX

i=1

`(hxi, ✓ii, yi)

<latexit sha1_base64="PvseIPRi4Nf4IH/9H8AceNGnDTM="></latexit>

Convex optimization:



Linear model (1 layer)
<latexit sha1_base64="fpFKG9ItOKdtii1xLRoQrxil3sU="></latexit>

f✓(x) = hx, ✓i =
P

k xk✓k

<latexit sha1_base64="5ovuZPU8dBWGm61iCoXPGu2QOzU="></latexit>

Deep learning methods: learn '(x)!

<latexit sha1_base64="1XeLXevO/37cS+xzOgmDhuoA57o="></latexit>

Kernel methods: replace x by '(x) 2 RD

<latexit sha1_base64="tiWppV9cOnzGLrlROqmigub8TPo="></latexit>

(D � d, even D = 1!)

x f(x) = 0

x

y y = f(x)
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Multi-layer Perceptron

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs=">AABE4XictVzdchPJFW42fxvyxyaXuZmNlxSbYokh5KdqK1ULljFetGCQbNjFQGmksRCMNUIjCYPWD5DKTSqVXOVh8hx5gFQlV3mFnJ/u6R6pZ06PQ5iy3dPT3zmnz3SfPud0D/EkHeWzzc1/nHvvG9/81re/8/53z3/v+z/44Y8ufPDjgzybT/vJfj9Ls+mjuJcn6Wic7M9GszR5NJkmveM4TR7GL7fw+cNFMs1H2bg7ezNJnh </latexit>x <latexit sha1_base64="135kWn/CLsnTiTDZs6S5TJYhcuk="></latexit>x1

<latexit sha1_base64="GRnRPsn94OKpqb7ZTjNsKYuslaQ="></latexit>x2 <latexit sha1_base64="4iBraiC7mAOoU+GJdNETN9ANwgc="></latexit>xD�1

<latexit sha1_base64="dOYOOT/5fa2eobiFCAzCDOjlgQU="></latexit>y = xD

<latexit sha1_base64="UAUdhj6OM+ENH5fDEWE+yCEmOkk="></latexit>. . .

<latexit sha1_base64="Gz1dJIxpaTuYHVp5aGrG385ytPA="></latexit>x0  x

<latexit sha1_base64="MvpB9kr+ZgConnEfyb5rPEhq1kw="></latexit>

Wk 2 Rdk+1⇥dk
<latexit sha1_base64="RRLRmc/8WxknOxGA5oT0BWbjEmk="></latexit>

bk 2 Rdk+1

<latexit sha1_base64="bLSI6mZjCZRHpQh/GShYaMiWsOc="></latexit>

f✓(x0) = xD

<latexit sha1_base64="xxMDEOeNFaQLCwvyofjmtzcjsKY="></latexit>

xk+1 , �(Wkxk + bk)

<latexit sha1_base64="r1VcEwEm2Rhhf8u8mE/qoi2shP4="></latexit>

✓ = {(Wk, bk)}D�1
k=0

Frank Rosenblatt 



Multi-layer Perceptron

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs=">AABE4XictVzdchPJFW42fxvyxyaXuZmNlxSbYokh5KdqK1ULljFetGCQbNjFQGmksRCMNUIjCYPWD5DKTSqVXOVh8hx5gFQlV3mFnJ/u6R6pZ06PQ5iy3dPT3zmnz3SfPud0D/EkHeWzzc1/nHvvG9/81re/8/53z3/v+z/44Y8ufPDjgzybT/vJfj9Ls+mjuJcn6Wic7M9GszR5NJkmveM4TR7GL7fw+cNFMs1H2bg7ezNJnh </latexit>x <latexit sha1_base64="135kWn/CLsnTiTDZs6S5TJYhcuk="></latexit>x1

<latexit sha1_base64="GRnRPsn94OKpqb7ZTjNsKYuslaQ="></latexit>x2 <latexit sha1_base64="4iBraiC7mAOoU+GJdNETN9ANwgc="></latexit>xD�1

<latexit sha1_base64="dOYOOT/5fa2eobiFCAzCDOjlgQU="></latexit>y = xD

<latexit sha1_base64="UAUdhj6OM+ENH5fDEWE+yCEmOkk="></latexit>. . .

<latexit sha1_base64="Gz1dJIxpaTuYHVp5aGrG385ytPA="></latexit>x0  x

<latexit sha1_base64="MvpB9kr+ZgConnEfyb5rPEhq1kw="></latexit>

Wk 2 Rdk+1⇥dk
<latexit sha1_base64="RRLRmc/8WxknOxGA5oT0BWbjEmk="></latexit>

bk 2 Rdk+1

<latexit sha1_base64="bLSI6mZjCZRHpQh/GShYaMiWsOc="></latexit>

f✓(x0) = xD

<latexit sha1_base64="xxMDEOeNFaQLCwvyofjmtzcjsKY="></latexit>

xk+1 , �(Wkxk + bk)

<latexit sha1_base64="r1VcEwEm2Rhhf8u8mE/qoi2shP4="></latexit>

✓ = {(Wk, bk)}D�1
k=0

<latexit sha1_base64="VYcbQZW/piLF26qidCR6ifJjUWI="></latexit>s

<latexit sha1_base64="SK4OdWLE72Ca5FJTp4sr1j5fJrU="></latexit>

�(s)
<latexit sha1_base64="VYcbQZW/piLF26qidCR6ifJjUWI="></latexit>s

<latexit sha1_base64="SK4OdWLE72Ca5FJTp4sr1j5fJrU="></latexit>

�(s)

<latexit sha1_base64="203N+3t9VGlxrXhk9EKQfM1wayY="></latexit>

Sigmoid
<latexit sha1_base64="3U+E1Tshp2wjqIN+4V7hJOTEOEs="></latexit>

ReLu

<latexit sha1_base64="5l068i531rvtROhjU8UjQi74MDA="> </latexit>

Non-linearity: � must be non-polynomial to increase expressivity.

Frank Rosenblatt 



Multi-layer Perceptron

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs=">AABE4XictVzdchPJFW42fxvyxyaXuZmNlxSbYokh5KdqK1ULljFetGCQbNjFQGmksRCMNUIjCYPWD5DKTSqVXOVh8hx5gFQlV3mFnJ/u6R6pZ06PQ5iy3dPT3zmnz3SfPud0D/EkHeWzzc1/nHvvG9/81re/8/53z3/v+z/44Y8ufPDjgzybT/vJfj9Ls+mjuJcn6Wic7M9GszR5NJkmveM4TR7GL7fw+cNFMs1H2bg7ezNJnh </latexit>x <latexit sha1_base64="135kWn/CLsnTiTDZs6S5TJYhcuk="></latexit>x1

<latexit sha1_base64="GRnRPsn94OKpqb7ZTjNsKYuslaQ="></latexit>x2 <latexit sha1_base64="4iBraiC7mAOoU+GJdNETN9ANwgc="></latexit>xD�1

<latexit sha1_base64="dOYOOT/5fa2eobiFCAzCDOjlgQU="></latexit>y = xD

<latexit sha1_base64="UAUdhj6OM+ENH5fDEWE+yCEmOkk="></latexit>. . .

<latexit sha1_base64="Gz1dJIxpaTuYHVp5aGrG385ytPA="></latexit>x0  x

<latexit sha1_base64="MvpB9kr+ZgConnEfyb5rPEhq1kw="></latexit>

Wk 2 Rdk+1⇥dk
<latexit sha1_base64="RRLRmc/8WxknOxGA5oT0BWbjEmk="></latexit>

bk 2 Rdk+1

<latexit sha1_base64="bLSI6mZjCZRHpQh/GShYaMiWsOc="></latexit>

f✓(x0) = xD

<latexit sha1_base64="xxMDEOeNFaQLCwvyofjmtzcjsKY="></latexit>

xk+1 , �(Wkxk + bk)

<latexit sha1_base64="r1VcEwEm2Rhhf8u8mE/qoi2shP4="></latexit>

✓ = {(Wk, bk)}D�1
k=0

<latexit sha1_base64="6WdkXvfqZW6JbkdAxBtt9AUOfFk="></latexit>

Weight matrix: needs extra constraints (e.g. convolution & sub-sampling)

<latexit sha1_base64="VYcbQZW/piLF26qidCR6ifJjUWI="></latexit>s

<latexit sha1_base64="SK4OdWLE72Ca5FJTp4sr1j5fJrU="></latexit>

�(s)
<latexit sha1_base64="VYcbQZW/piLF26qidCR6ifJjUWI="></latexit>s

<latexit sha1_base64="SK4OdWLE72Ca5FJTp4sr1j5fJrU="></latexit>

�(s)

<latexit sha1_base64="203N+3t9VGlxrXhk9EKQfM1wayY="></latexit>

Sigmoid
<latexit sha1_base64="3U+E1Tshp2wjqIN+4V7hJOTEOEs="></latexit>

ReLu

<latexit sha1_base64="5l068i531rvtROhjU8UjQi74MDA="> </latexit>

Non-linearity: � must be non-polynomial to increase expressivity.

Frank Rosenblatt 



Two Layers Perceptron

<latexit sha1_base64="FzREcCf10mYHIDSCa5vfTCGv6hQ="></latexit>

Wx

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x

<latexit sha1_base64="4q707XOseaJG4SEM7kRUBlKiggY="></latexit>w1
<latexit sha1_base64="dTEPGRjwpObKto22Pdj89jMy0R4="></latexit>a1

p = 6 neurons p = 30 neurons p = 100 neurons
<latexit sha1_base64="v5o5dJsoyPefg3wihB9aJpDhTXc="></latexit>

Input y = f(x)

<latexit sha1_base64="ttgglA5lmQEZUY9EO2WF1erSv+8="></latexit>

! sum of “ridge” functions �(hx, wi+ b)

<latexit sha1_base64="ZUzFyuvUCbPFlo/gmg9KYP4mygc="></latexit>

f✓(x) ,
pX

s=1

as�(hx, wsi+ bs)

<latexit sha1_base64="ax7LaFmi/3bdYTxeFckx/E70i7o="></latexit>wp

<latexit sha1_base64="Tb21R6PdEthdsl9c3KfkRE3g53s="></latexit>ap



Two Layers Perceptron

<latexit sha1_base64="FzREcCf10mYHIDSCa5vfTCGv6hQ="></latexit>

Wx

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x

<latexit sha1_base64="4q707XOseaJG4SEM7kRUBlKiggY="></latexit>w1
<latexit sha1_base64="dTEPGRjwpObKto22Pdj89jMy0R4="></latexit>a1

p = 6 neurons p = 30 neurons p = 100 neurons
<latexit sha1_base64="v5o5dJsoyPefg3wihB9aJpDhTXc="></latexit>

Input y = f(x)

<latexit sha1_base64="ttgglA5lmQEZUY9EO2WF1erSv+8="></latexit>

! sum of “ridge” functions �(hx, wi+ b)

<latexit sha1_base64="ZUzFyuvUCbPFlo/gmg9KYP4mygc="></latexit>

f✓(x) ,
pX

s=1

as�(hx, wsi+ bs)

<latexit sha1_base64="ax7LaFmi/3bdYTxeFckx/E70i7o="></latexit>wp

<latexit sha1_base64="Tb21R6PdEthdsl9c3KfkRE3g53s="></latexit>ap



Universality of Perceptrons

George Cybenko

<latexit sha1_base64="1cPL0hVAAPSTiGgmemX25s2L0wU="> </latexit>

Theorem:
<latexit sha1_base64="MP3/RiWYOhtA+n0bvU1LGtOpdp8="></latexit>

If f is continuous on a compact ⌦, for all " > 0

<latexit sha1_base64="uvCA28W4YytRhUCzr+wZy5dsPHE="></latexit>

! non quantitative . . . no free lunch.

<latexit sha1_base64="Jz0OwNMv5k//RDHXco0G6196vK0="></latexit>

for p large enough, there exists ✓ such that
<latexit sha1_base64="xfYOcK/7SLaT3sOdjnYPuyrhJIM="></latexit>

8x 2 ⌦, |f✓(x)� f(x)| 6 "



Universality of Perceptrons

George Cybenko

Andrew Barron

<latexit sha1_base64="1cPL0hVAAPSTiGgmemX25s2L0wU="> </latexit>

Theorem:
<latexit sha1_base64="MP3/RiWYOhtA+n0bvU1LGtOpdp8="></latexit>

If f is continuous on a compact ⌦, for all " > 0

<latexit sha1_base64="uvCA28W4YytRhUCzr+wZy5dsPHE="></latexit>

! non quantitative . . . no free lunch.

<latexit sha1_base64="Jz0OwNMv5k//RDHXco0G6196vK0="></latexit>

for p large enough, there exists ✓ such that
<latexit sha1_base64="xfYOcK/7SLaT3sOdjnYPuyrhJIM="></latexit>

8x 2 ⌦, |f✓(x)� f(x)| 6 "

Barron’s functions:
<latexit sha1_base64="k4sTmhCqujFpVq19B6P4+EzKpuA="></latexit>

||f ||B ,
R
Rd ||!|||f̂(!)|d! < +1

<latexit sha1_base64="c112VMMd2KkERraDFf/EfcYKYEY="></latexit>

||f � f✓||L2(⌦) 6
2diam(⌦)||f ||Bp

p

<latexit sha1_base64="hO/zv54wxyh8DCE0R1zGL/84DG0="> </latexit>

Theorem: for p large, there exists ✓ such that
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If f is continuous on a compact ⌦, for all " > 0

<latexit sha1_base64="uvCA28W4YytRhUCzr+wZy5dsPHE="></latexit>

! non quantitative . . . no free lunch.

<latexit sha1_base64="s9k6UtUgH+pv1dkhpeXsgrOYHks="></latexit>

! non-constructive.
<latexit sha1_base64="YA0C2VTu3oKxlkzI9uPSWEQrTFk="></latexit>

||f � f✓||

<latexit sha1_base64="Jz0OwNMv5k//RDHXco0G6196vK0="></latexit>
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<latexit sha1_base64="xfYOcK/7SLaT3sOdjnYPuyrhJIM="></latexit>
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<latexit sha1_base64="hO/zv54wxyh8DCE0R1zGL/84DG0="> </latexit>

Theorem: for p large, there exists ✓ such that

<latexit sha1_base64="h3UjZpHYqKKTnXvhALF0qypbZ8I="></latexit>

! for p “large enough”
<latexit sha1_base64="/m0/di2x7AI63xWFQWd8JnplAjc="></latexit>

gradient descent works
<latexit sha1_base64="nL7SJOfFW3+TXarEFrbAcqeMKqg="></latexit>

[Chizat-Bach 2018]
<latexit sha1_base64="iF6Fpv1MHzBX5NiOJjiYfYAc+aU="></latexit>

f✓

<latexit sha1_base64="fF2PPWSzbfCdHr4VM9aT3EanWT0="></latexit>

f
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Gradient Descent

Small ⌧` Large ⌧` Optimal ⌧` = ⌧?`

✓`+1 = ✓` � ⌧`rE(✓`)
Gradient descent:

<latexit sha1_base64="bbJMdjCFXVxfhmGqAzIDZjVUKG4="></latexit>

min
✓

E(✓) , 1

n

nX

i=1

`(f✓(xi), yi)



Gradient Descent

Small ⌧` Large ⌧` Optimal ⌧` = ⌧?`

✓`+1 = ✓` � ⌧`rE(✓`)
Gradient descent:

<latexit sha1_base64="bbJMdjCFXVxfhmGqAzIDZjVUKG4="></latexit>

min
✓

E(✓) , 1

n

nX

i=1

`(f✓(xi), yi)

Herbert Robbins

Sutton Monro

<latexit sha1_base64="u3g9xgy/raVJDhDpdPKco9yXGZU="> </latexit>

Stochastic gradient descent:
<latexit sha1_base64="ZSqaVha2wnIgUa84kFjFUdjfkk8="></latexit>

✓`+1 = ✓` �
⌧

`
rE`(✓`)

<latexit sha1_base64="HPn1LyyWedF0ms340fYtkVgD6Zg="></latexit>

E`(✓) , `(f✓(xi), yi)

<latexit sha1_base64="tCDQ5AApX+NjK+n5eQGf1bUMhpU="></latexit>

i rand



The Complexity of Gradient Computation

Hypothesis: elementary operations (a⇥ b, log(a),
p
a . . . )

and their derivatives cost O(1).

<latexit sha1_base64="XBU0O16nV93z/lhQgn5HZRGW7gQ="></latexit>

Setup: E : Rd ! R computable in K operations.

<latexit sha1_base64="BLbI91EqNObAlbI/2RJe4xs+gGo="></latexit>

Question: What is the complexity of computing rE : Rd ! Rd?



The Complexity of Gradient Computation

Hypothesis: elementary operations (a⇥ b, log(a),
p
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and their derivatives cost O(1).

<latexit sha1_base64="XBU0O16nV93z/lhQgn5HZRGW7gQ="></latexit>

Setup: E : Rd ! R computable in K operations.

<latexit sha1_base64="BLbI91EqNObAlbI/2RJe4xs+gGo="></latexit>

Question: What is the complexity of computing rE : Rd ! Rd?

Finite di↵erences:

<latexit sha1_base64="IJjbmZX1RxHFJ6LjH+Uz9oKFiHc="></latexit>

rE(✓) ⇡ 1

"
(E(✓ + "�1)� E(✓), . . . E(✓ + "�d)� E(✓))

<latexit sha1_base64="elfmtYFgpa8JKGP5IFiZSMc3eME="></latexit>

K(d+ 1) operations, intractable for large d.



The Complexity of Gradient Computation

Hypothesis: elementary operations (a⇥ b, log(a),
p
a . . . )

and their derivatives cost O(1).

Seppo Linnainmaa

This algorithm is reverse mode
automatic di↵erentiation

[Seppo Linnainmaa, 1970]

Theorem: there is an algorithm to compute rE in O(K) operations.

<latexit sha1_base64="XBU0O16nV93z/lhQgn5HZRGW7gQ="></latexit>

Setup: E : Rd ! R computable in K operations.

<latexit sha1_base64="BLbI91EqNObAlbI/2RJe4xs+gGo="></latexit>
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rE(✓) ⇡ 1

"
(E(✓ + "�1)� E(✓), . . . E(✓ + "�d)� E(✓))

<latexit sha1_base64="elfmtYFgpa8JKGP5IFiZSMc3eME="></latexit>

K(d+ 1) operations, intractable for large d.



Computational Graph

✓3
✓1

✓2 ✓4

✓5

g3

g4

g5

input output
return ✓R

✓r = gr(✓Parents(r))
for r = M + 1, . . . , R

function `(✓1, . . . , ✓M )

fo
rw

ar
d

computing `

Computer program, directed acyclic graph, linear ordering of nodes (✓r)r
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“Classical” evaluation: forward.
Complexity ⇠ #inputs.
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Example
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X
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Backward Automatic Differentiation

return ✓R

✓r = gr(✓Parents(r))
for r = M + 1, . . . , R
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b
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Convolutional CNN

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs=">AABE4XictVzdchPJFW42fxvyxyaXuZmNlxSbYokh5KdqK1ULljFetGCQbNjFQGmksRCMNUIjCYPWD5DKTSqVXOVh8hx5gFQlV3mFnJ/u6R6pZ06PQ5iy3dPT3zmnz3SfPud0D/EkHeWzzc1/nHvvG9/81re/8/53z3/v+z/44Y8ufPDjgzybT/vJfj9Ls+mjuJcn6Wic7M9GszR5NJkmveM4TR7GL7fw+cNFMs1H2bg7ezNJnh </latexit>x <latexit sha1_base64="135kWn/CLsnTiTDZs6S5TJYhcuk="></latexit>x1

<latexit sha1_base64="dOYOOT/5fa2eobiFCAzCDOjlgQU="></latexit>y = xD

<latexit sha1_base64="UAUdhj6OM+ENH5fDEWE+yCEmOkk="></latexit>. . .
<latexit sha1_base64="xxMDEOeNFaQLCwvyofjmtzcjsKY="></latexit>

xk+1 , �(Wkxk + bk)

<latexit sha1_base64="k1rZZfblzcGSWDva0EZxS8SBPlc="> </latexit>

! Leverage translation invariance of images.
<latexit sha1_base64="Nz+CDjAByD39QLOSiLMnQuuLgrE="> </latexit>

! Sub-sampling: breaks invariance but increase receptive fields.

<latexit sha1_base64="WEUTquxRfdZNLCDmyPONakEOelo="></latexit>

Pool

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x

<latexit sha1_base64="135kWn/CLsnTiTDZs6S5TJYhcuk="></latexit>x1



Convolutional CNN

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs=">AABE4XictVzdchPJFW42fxvyxyaXuZmNlxSbYokh5KdqK1ULljFetGCQbNjFQGmksRCMNUIjCYPWD5DKTSqVXOVh8hx5gFQlV3mFnJ/u6R6pZ06PQ5iy3dPT3zmnz3SfPud0D/EkHeWzzc1/nHvvG9/81re/8/53z3/v+z/44Y8ufPDjgzybT/vJfj9Ls+mjuJcn6Wic7M9GszR5NJkmveM4TR7GL7fw+cNFMs1H2bg7ezNJnh </latexit>x <latexit sha1_base64="135kWn/CLsnTiTDZs6S5TJYhcuk="></latexit>x1

<latexit sha1_base64="dOYOOT/5fa2eobiFCAzCDOjlgQU="></latexit>y = xD

<latexit sha1_base64="UAUdhj6OM+ENH5fDEWE+yCEmOkk="></latexit>. . .
<latexit sha1_base64="xxMDEOeNFaQLCwvyofjmtzcjsKY="></latexit>

xk+1 , �(Wkxk + bk)

<latexit sha1_base64="k1rZZfblzcGSWDva0EZxS8SBPlc="> </latexit>

! Leverage translation invariance of images.
<latexit sha1_base64="Nz+CDjAByD39QLOSiLMnQuuLgrE="> </latexit>

! Sub-sampling: breaks invariance but increase receptive fields.

<latexit sha1_base64="zWzanSgDvIVsOb/tbzCGmnOH7X4="></latexit>

AlexNet, 2011

<latexit sha1_base64="WEUTquxRfdZNLCDmyPONakEOelo="></latexit>

Pool

<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x

<latexit sha1_base64="135kWn/CLsnTiTDZs6S5TJYhcuk="></latexit>x1



Example of Activations
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ResNet-type Architectures [He et al’ 16]
R
es
N
et
-3
4

<latexit sha1_base64="hGNaHRogJoszxpvRv/VDNWjykms="></latexit>

image
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image

<latexit sha1_base64="bIraTUCmzk4phmx2qsYmd3hjMZs="></latexit>

changes
<latexit sha1_base64="TbU3LkeRVqo1XG4dGj38rekATMk="></latexit>

dimension

<latexit sha1_base64="EeuGo0g6Nh2Z7H62NbOQkyQFCIA="></latexit>

skip-connexion
<latexit sha1_base64="Rv0zJz4pzD6Ong7U911+V2gV4aM="></latexit>

xt = xt�1 + v✓t(xt�1)



ResNet-type Architectures [He et al’ 16]
R
es
N
et
-3
4

<latexit sha1_base64="hGNaHRogJoszxpvRv/VDNWjykms="></latexit>

image

<latexit sha1_base64="T6b9HaNHHjCNOHzV6onUoURA+iA="></latexit>

! Makes the “infinite depth” limit non-degenerate.

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="jEv8i/6Blo/H2kf1hf8QaHROhC0="></latexit>xT

<latexit sha1_base64="wXRZd77eIvbjikgHeI/sNMhcQB4="></latexit>

! Enable v✓ = 0 initialization, i.e. identity map.

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1 <latexit sha1_base64="sQt5wYBIm/ZinD5uHdCFlfiw6CM="></latexit>x2T

<latexit sha1_base64="jRKRD72QIYs9zXR8hrwByKPyYXU="></latexit>x4T

<latexit sha1_base64="bIraTUCmzk4phmx2qsYmd3hjMZs="></latexit>

changes
<latexit sha1_base64="TbU3LkeRVqo1XG4dGj38rekATMk="></latexit>

dimension

<latexit sha1_base64="EeuGo0g6Nh2Z7H62NbOQkyQFCIA="></latexit>

skip-connexion
<latexit sha1_base64="Rv0zJz4pzD6Ong7U911+V2gV4aM="></latexit>

xt = xt�1 + v✓t(xt�1)



Infinite Depth and Neural-ODEs

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where

<latexit sha1_base64="qhSLJgQq/yuorQiDFfjqGL3B6xk="></latexit>

ResNet [He et al, 2016]

<latexit sha1_base64="GMVz3QnQvknvjijnaBEeqAZxyOU="></latexit>

�✓(x0) , xT

<latexit sha1_base64="qbpiB4MRNcTm1Jd0Cno/ONu/uAc="></latexit>

xt+1 = xt +
1
T v✓t(xt)

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="jEv8i/6Blo/H2kf1hf8QaHROhC0="></latexit>xT



Infinite Depth and Neural-ODEs

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where

<latexit sha1_base64="qhSLJgQq/yuorQiDFfjqGL3B6xk="></latexit>

ResNet [He et al, 2016]

<latexit sha1_base64="GMVz3QnQvknvjijnaBEeqAZxyOU="></latexit>

�✓(x0) , xT

<latexit sha1_base64="qbpiB4MRNcTm1Jd0Cno/ONu/uAc="></latexit>

xt+1 = xt +
1
T v✓t(xt)

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="jEv8i/6Blo/H2kf1hf8QaHROhC0="></latexit>xT

<latexit sha1_base64="Y/FWR56miGIeVz1js6wqk5+HlBA="></latexit>

x(0)
<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)

<latexit sha1_base64="4gzHTBnB5qJro3BfrdlF6uX+h20="></latexit>

Neural ODE [Chen et al, 2018]

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where
<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1
<latexit sha1_base64="42FcIc+HA/QIeZk6s6SV75/MpYs="></latexit>

dx(t)
dt = v✓(t)(x(t))

<latexit sha1_base64="CJOv1Tn8Q0JzF0AWk7AZymbgZ9g="></latexit>

�✓(x(0)) , x(1)



Infinite Depth and Neural-ODEs

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where

<latexit sha1_base64="qhSLJgQq/yuorQiDFfjqGL3B6xk="></latexit>

ResNet [He et al, 2016]

<latexit sha1_base64="GMVz3QnQvknvjijnaBEeqAZxyOU="></latexit>

�✓(x0) , xT

<latexit sha1_base64="qbpiB4MRNcTm1Jd0Cno/ONu/uAc="></latexit>

xt+1 = xt +
1
T v✓t(xt)

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="jEv8i/6Blo/H2kf1hf8QaHROhC0="></latexit>xT

<latexit sha1_base64="Y/FWR56miGIeVz1js6wqk5+HlBA="></latexit>

x(0)
<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)

<latexit sha1_base64="4gzHTBnB5qJro3BfrdlF6uX+h20="></latexit>

Neural ODE [Chen et al, 2018]

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where
<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1
<latexit sha1_base64="42FcIc+HA/QIeZk6s6SV75/MpYs="></latexit>

dx(t)
dt = v✓(t)(x(t))

<latexit sha1_base64="CJOv1Tn8Q0JzF0AWk7AZymbgZ9g="></latexit>

�✓(x(0)) , x(1)

<latexit sha1_base64="StbFJtaVJbwWumZ06tVNtqAkGMo="></latexit>

T ! +1 is a singular limit (✓ can “explodes” during training)

<latexit sha1_base64="iw4wUbfjRLRkZ5wh9moDb5YGF3I="></latexit>

Trajectories cannot cross: �✓ defines a di↵eomorphism.



<latexit sha1_base64="pgHIc8n5Cy3R4rDGZ/oqRg/9IVI="></latexit>

[P. Marion, Fermanian, Biau, Vert, 2022]

<latexit sha1_base64="xp7pxhyVMTdwlZOW7x1Bqs5ThsI="></latexit>

[R. Cont, A. Rossier, R. Xu, 2022]

On the importance of scale and initialization
<latexit sha1_base64="qbpiB4MRNcTm1Jd0Cno/ONu/uAc="></latexit>

xt+1 = xt +
1
T v✓t(xt)

<latexit sha1_base64="WMPKs34M5INQHo2lJ1bvKB5lxwA="></latexit>

xt+1 = xt +
1p
T
v✓t(xt)

<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1

<latexit sha1_base64="42FcIc+HA/QIeZk6s6SV75/MpYs="></latexit>

dx(t)
dt = v✓(t)(x(t))

<latexit sha1_base64="zt/1hDznQPJJg1FPuzfDTxOIHGU="></latexit>

Zero/smooth initialization of (✓t)t
<latexit sha1_base64="CPrDN+4xOiHmwgiPZYNo6T473lM="></latexit>

Random initialization of (✓t)t

<latexit sha1_base64="2BHaO05y4mspovRkfQ4yNSUhsKI="></latexit>

dx(t) = v✓(t)(x(t))dt+ dW(t)

<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1

<latexit sha1_base64="sQQkcpOGkk8yqgHUMcKS4DheaHI="></latexit>

Deterministic ODE
<latexit sha1_base64="JaiCniNYDOj54CaMOW5Kvq/1tZ0="></latexit>

Stochastic ODE

<latexit sha1_base64="Y/FWR56miGIeVz1js6wqk5+HlBA="></latexit>

x(0)
<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)

<latexit sha1_base64="Y/FWR56miGIeVz1js6wqk5+HlBA="></latexit>

x(0)
<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)

<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)



Training Dynamic 

<latexit sha1_base64="UUcbiq/kJ/y7V1Sf+lJoSY1ycPE="></latexit>

Training:
<latexit sha1_base64="RLu3eYgMCGrTjEMHHveYhgoDE0s="></latexit>

Gradient descent:
<latexit sha1_base64="4GdpzAVdHON6qvpAqElN+p5zGTU="></latexit>

✓(k+1) = ✓(k) � ⌧rf(✓(k))

<latexit sha1_base64="ErNBm8Ekk6owb+VEWhJh1Ljvl+4="></latexit>

min
✓

f(✓) , 1
N

PN
i=1 ||B�✓(Axi)� yi||2

…<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A +

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="M6RkvLib5osgOlNecu74PvBo1aU="></latexit>v✓1
<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B+<latexit sha1_base64="9x4LEti3DdN7XTdHApHmAJR9AXk="></latexit>v✓2
<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B
<latexit sha1_base64="QFRJ4KOQU2pVbauKP5phqG3UUUM="></latexit>

ẋ(t) = v✓(t)(x(t))

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="kGrndrTHBUtoctaPTrDWsqh/Ifw="></latexit>

! No explicit regularization!



Training Dynamic 

<latexit sha1_base64="UUcbiq/kJ/y7V1Sf+lJoSY1ycPE="></latexit>

Training:
<latexit sha1_base64="RLu3eYgMCGrTjEMHHveYhgoDE0s="></latexit>

Gradient descent:
<latexit sha1_base64="4GdpzAVdHON6qvpAqElN+p5zGTU="></latexit>

✓(k+1) = ✓(k) � ⌧rf(✓(k))

<latexit sha1_base64="RpiveowP5Je2rLtwaARXSimJq5k="></latexit>

Question: convergence of ✓k toward global minimum?

<latexit sha1_base64="ErNBm8Ekk6owb+VEWhJh1Ljvl+4="></latexit>

min
✓

f(✓) , 1
N

PN
i=1 ||B�✓(Axi)� yi||2

…<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A +

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="M6RkvLib5osgOlNecu74PvBo1aU="></latexit>v✓1
<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B+<latexit sha1_base64="9x4LEti3DdN7XTdHApHmAJR9AXk="></latexit>v✓2
<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B
<latexit sha1_base64="QFRJ4KOQU2pVbauKP5phqG3UUUM="></latexit>

ẋ(t) = v✓(t)(x(t))

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="r96IAeMjpoFWFhQFhuZC9BvddQ4="></latexit>

Polyak- Lojasiewicz inequality [Liu, Zhu, Belkin 2021]:
<latexit sha1_base64="WJTlyP3k/XovgZCzXNquTxdVmv4="></latexit>

! conditionning might explodes as T ! +1.
<latexit sha1_base64="j2DAlW7pjDJtRiyN+Qa22yqLpNU="></latexit>

! find a suitable limit model and show “implicit” regularization e↵ect.

<latexit sha1_base64="A79Qx8UcXQ9zh2DlWDd1UdB3thQ="></latexit>

Neural tangent kernel [Jacot et al’18]:
<latexit sha1_base64="x756YupZY4456NODu+ESBRz6FBU="></latexit>

local linear expansion.

<latexit sha1_base64="kGrndrTHBUtoctaPTrDWsqh/Ifw="></latexit>

! No explicit regularization!

<latexit sha1_base64="Kkv1vshYP6YgrKyVGJZN+Tp3y0Q="></latexit>

Simplified analysis: [Barboni et al. 2022]
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Transformers



Transformers

…

<latexit sha1_base64="l9TysiXzoaJNeK5mklRn5kPJwdQ="></latexit>

Token extraction
<latexit sha1_base64="BdA8v340HbcvEXK7ggTo43G6W3c="></latexit>

Vector encoding
<latexit sha1_base64="WTXSLyx+JTgYvmbTzNWS3Pe4sbU="></latexit>

Positional encoding

+

<latexit sha1_base64="r2bIf36hMKIqzuFV8dUR//yr7wU="></latexit>

Points cloud

<latexit sha1_base64="aTL0Qvb1dLhAur6wfZM9PGylzLY="></latexit>x1

<latexit sha1_base64="7Z/IumRXp79HdyogVfnC2DA+LeM="></latexit>x2

Demain,  dès  l'aube,  à 
l'heure  où  blanchit  la 
campagne, Je partirai. Vois-
tu,  je  sais  que  tu 
m’attends.  J'irai  par  la 
forêt,  j'irai  par  la 
montagne.  Je  ne  puis 
demeurer  loin  de  toi  plus 
longtemps. Je marcherai les 
yeux fixés sur mes pensées,…

<latexit sha1_base64="Fgw+vWgPriclgLxpVoHDEicBDLw="></latexit>

{xi}i



Transformers

…

<latexit sha1_base64="l9TysiXzoaJNeK5mklRn5kPJwdQ="></latexit>

Token extraction
<latexit sha1_base64="BdA8v340HbcvEXK7ggTo43G6W3c="></latexit>

Vector encoding
<latexit sha1_base64="WTXSLyx+JTgYvmbTzNWS3Pe4sbU="></latexit>

Positional encoding

+

<latexit sha1_base64="r2bIf36hMKIqzuFV8dUR//yr7wU="></latexit>

Points cloud

<latexit sha1_base64="aTL0Qvb1dLhAur6wfZM9PGylzLY="></latexit>x1

<latexit sha1_base64="7Z/IumRXp79HdyogVfnC2DA+LeM="></latexit>x2

Demain,  dès  l'aube,  à 
l'heure  où  blanchit  la 
campagne, Je partirai. Vois-
tu,  je  sais  que  tu 
m’attends.  J'irai  par  la 
forêt,  j'irai  par  la 
montagne.  Je  ne  puis 
demeurer  loin  de  toi  plus 
longtemps. Je marcherai les 
yeux fixés sur mes pensées,…

<latexit sha1_base64="Fgw+vWgPriclgLxpVoHDEicBDLw="></latexit>

{xi}i

<latexit sha1_base64="ddnd7DO40BvV2D3yw84WdT5nasM="></latexit>

Ai,j , ehKxi, Qxji<latexit sha1_base64="oNgFCLTzi2ZQ0Db1Rtj5dPS4UR8="></latexit>

Attention matrix:

<latexit sha1_base64="BPzSAVCtthknQ1pXjrNPwVzaIyE="></latexit>xi

<latexit sha1_base64="Z7Rj29tlYwYzn6VgK9Cg5HgF0Ow="></latexit>xj
<latexit sha1_base64="zUQ2Z3s5Jr6axjljYo3lKn3/qh4="></latexit>

x̃i = xi +

P
j Ai,j xjP
j Ai,j

<latexit sha1_base64="2WTwz1PaVtte6H++sZGdjQev30g="></latexit>

Residual

<latexit sha1_base64="blMcQKWtl5W2sTlseXjmJeKfHRs="></latexit>

trained

<latexit sha1_base64="kiilw7sVPY4P3AU1/BWI0LZRksc="></latexit>

Replace convolution by attention:



Conclusion
<latexit sha1_base64="jbLn2QJrU9w/PEhZ22KB/uNQWBc="></latexit>

Strong connexion with mathematical concepts:
<latexit sha1_base64="u87ECRVWF3t2o9JvpD2AguJghmk="></latexit>

– Going wider ⇠ function approximation.
<latexit sha1_base64="1Ff8hMTJC+VC68D/wkUoX8Fs95g="></latexit>

– Going deeper ⇠ di↵erential equations.
<latexit sha1_base64="3/fFVeWYr5E/FNRPF0lCMHCIEpM="></latexit>

– Attention ⇠ interacting particles.
<latexit sha1_base64="BPzSAVCtthknQ1pXjrNPwVzaIyE="></latexit>xi

<latexit sha1_base64="Z7Rj29tlYwYzn6VgK9Cg5HgF0Ow="></latexit>xj



Conclusion
<latexit sha1_base64="jbLn2QJrU9w/PEhZ22KB/uNQWBc="></latexit>

Strong connexion with mathematical concepts:
<latexit sha1_base64="u87ECRVWF3t2o9JvpD2AguJghmk="></latexit>

– Going wider ⇠ function approximation.
<latexit sha1_base64="1Ff8hMTJC+VC68D/wkUoX8Fs95g="></latexit>

– Going deeper ⇠ di↵erential equations.
<latexit sha1_base64="3/fFVeWYr5E/FNRPF0lCMHCIEpM="></latexit>

– Attention ⇠ interacting particles.

<latexit sha1_base64="jebDHQHxqR+gnTwIkiTOtsHZDKY="></latexit>

Very limited theoretical understanding:
<latexit sha1_base64="Rn72mSPqNisi4cbIvcko3qQJ68c="></latexit>

– Why gradient descent works?
<latexit sha1_base64="c/MviFJRQikuukeM3kkELbjDBEg="></latexit>

– Implicit bias of architectures.
<latexit sha1_base64="KBGoT+7TvUf0ErVyzTfXTLNE3i4="></latexit>

– Implicit bias of optimizers.

<latexit sha1_base64="BPzSAVCtthknQ1pXjrNPwVzaIyE="></latexit>xi

<latexit sha1_base64="Z7Rj29tlYwYzn6VgK9Cg5HgF0Ow="></latexit>xj



Conclusion
<latexit sha1_base64="jbLn2QJrU9w/PEhZ22KB/uNQWBc="></latexit>

Strong connexion with mathematical concepts:
<latexit sha1_base64="u87ECRVWF3t2o9JvpD2AguJghmk="></latexit>

– Going wider ⇠ function approximation.
<latexit sha1_base64="1Ff8hMTJC+VC68D/wkUoX8Fs95g="></latexit>

– Going deeper ⇠ di↵erential equations.
<latexit sha1_base64="3/fFVeWYr5E/FNRPF0lCMHCIEpM="></latexit>

– Attention ⇠ interacting particles.

<latexit sha1_base64="jebDHQHxqR+gnTwIkiTOtsHZDKY="></latexit>

Very limited theoretical understanding:
<latexit sha1_base64="Rn72mSPqNisi4cbIvcko3qQJ68c="></latexit>

– Why gradient descent works?
<latexit sha1_base64="c/MviFJRQikuukeM3kkELbjDBEg="></latexit>

– Implicit bias of architectures.
<latexit sha1_base64="KBGoT+7TvUf0ErVyzTfXTLNE3i4="></latexit>

– Implicit bias of optimizers.

<latexit sha1_base64="BPzSAVCtthknQ1pXjrNPwVzaIyE="></latexit>xi

<latexit sha1_base64="Z7Rj29tlYwYzn6VgK9Cg5HgF0Ow="></latexit>xj

<latexit sha1_base64="i7oSCM/fzJT3PnG+mx9fP/dzx5Y="></latexit>

– Mean field analysis of transformers (optimal transport?)

<latexit sha1_base64="7H9suGiOBFZ27PtE1Rswj9ka/SM="></latexit>

– Why some optimizers (e.g. Adam) works for transformers?

<latexit sha1_base64="1fCWE0LOaqNy3bHBsWwLfySjEYQ="></latexit>

Examples of open problems:


