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Automatic Differentiation

Setup: f : R®” — R computable in K operations.

Hypothesis: elementary operations (a x b,log(a),v/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing Vf : R® — R"?
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Automatic Differentiation

Setup: f : R®” — R computable in K operations.

Hypothesis: elementary operations (a x b,log(a),v/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing Vf : R® — R"?

Vi)~ - (f(@+eh) — f(@),... f@+ebn) — f(z)

K(n + 1) operations, intractable for large n.

Finite differences:

Theorem: there is an algorithm to compute V f
in O(K) operations. [Seppo Linnainmaa, 1970]

This algorithm is reverse mode automatic differentiation

— it is not numerical calculus (exact computations).

— it is not formal calculus (algorithms matter).
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Forward Mode and Dual Numbers

Dual number associated to (z,z’) € R?: z + ez’ with €2 = 0.

In particular: (z +ex’)(y +ey’) = zy + e(xy’ + yz').
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Forward Mode and Dual Numbers

Dual number associated to (z,z’) € R?: z + ez’ with €2 = 0.

In particular: (z +ex’)(y +ey’) = zy + e(xy’ + ya').
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Proposition: if P is a polynomial, P(x +¢) = P(x) + eP'(x).
Function overloading: f:R — R, f(z +¢ez’) = f(z) +ef'(x)z’.
Example: cos(x + ex’) = cos(x) — ex’ sin(x).

Proposition: (f o g)(z +¢) = f(g9(z)) +ef'(9(z))g'(z)

Higher dimension: f(x1+e,21,...,2,) = f(x) 5§mf1 ()
— complexity scales like O(Kn) ~ finite differences.



Computational Graph

input temporary variables output

Computer program <> directed acyclic graph < linear ordering of nodes (xx )

function z; = f(x1,..., ;)
”C% fork=s+1,...,t

E ‘ zk:fk(xlwﬂawk—l)
<= return r;




Computational Graph

input temporary variables  output

function x; = f(x1,...,%s)
”C% fork=s+1,...,t

E ‘ zk:fk'(xlvﬂwwk—l)
<= return r;

computing f
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Forward Chain Rule
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. [parent(k)| = O(1),
Assuming § - o(1) — Complexity: O(K Y.;_, ng) ~ finite differences.
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Backward Chain Rule
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— needs to store all intermediate (xx)x in memory.



Gradient Backpropagation
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Gradient Backpropagation

(%k
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3,
Ifn,=1: Vg f= (a:;;,i) c R™

Back-propagation of gradients:

;
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Assuming { Eareng((li))| =0Q), _, Complexity: O(K) < finite differences.
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Example

f(z,y) = ylog(z) + v/ylog(z)
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Differentiating Composition of Functions

f=ftofi_10...0fy0f; mk:fk(xk—l)

input temporary variables output



Differentiating Composition of Functions
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Feedforward Architecture
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Adjoint State Method

Optimal control:
z(t) = u(z(t),0)
f(0) = L(z(T))



Adjoint State Method

Optimal control: Discretization:
t(t) = u(x(t),0) t =7k Tpi1 = Tk + Tu(Tk, 6)
f(0) = L(z(T)) f(6) = L(zk)
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Adjoint State Method

Optimal control: Discretization:
t(t) = u(x(t),0) t =7k Tpi1 = Tk + Tu(Tk, 6)
f(0) = L(z(T)) f(6) = L(zk)
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Adjoint State Method

Optimal control: Discretization:
t(t) = u(x(t),0) t =71k Tk+1 — Tk T’LL(ZIZk, 9)
f(0) = L(z(T)) f(0) = L(zg)
2(1) =V w(t)f( ) “k = Va, f(@)
5(t) = —[0pu(z(t),0)] T 2(t) 2k—1 = 2k + T[Ou(zk, 0)] ' 2k
Vof(0) = / 100 (a(0), 0] = e Vof(6 Z[@gh zr_1,0)]" 2
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/ z(T)
x1 x(t)
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Curse of auto-diff: memory grows with #iterations K.
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Conservative Systems: Invertible Architectures

Curse of auto-diff: memory grows with #iterations K.
Generic method: checkpointing.

Alternative: build “invertible” architectures.
(”?) _ (u(y>> leapfrog [ w1 = ax + Tu(yr)
Y U(ﬂf) Verlet Yk+1 = Yk + 'rv(:z:kﬂ)

Inverse l Inverse

Yk = Yk+1 — TU(Tk+1)
Lk = Tk+1 — Tu(yk)




Dissipative Systems: Argmin Layers

x(0) = argmin E(x,0) f(0) = L(x(9))
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Dissipative Systems: Argmin Layers

z(0) = argmin E(z,0) [f(0) = L(x(0)) _

reER™ Tp

Tpi1 = v — TVE(xk,0) < ResNet

— Memory exploses with #iterations.

i, = —VE(x1,0) 'Ql e

— Flow is non-conservative, ¢t — z; ill-posed.  z A x(0)
Lt

Fized point equation: V, E(x(6),0) =0

Implicit function theorem:

010 = (2o w.0) (2260.0) viem)

S onXn
linear system
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Example: Sinkhorn

Entropic optimal transport:  between (61,65), K = e~

z(0) = argmin &(z, ) = — (61, log(z1)) — (62, log(xs)) + (Kx1, z2)
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Example: Sinkhorn

Entropic optimal transport:  between (61,65), K = e~

z(0) = argmin &(z, ) = — (61, log(z1)) — (62, log(xs)) + (Kx1, z2)
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Example: Sinkhorn

Entropic optimal transport: between (61,6,), K = e~ <

z(0) = argmin &(z, ) = — (61, log(z1)) — (62, log(xs)) + (Kx1, z2)

€T

Sinkhorn: T1 kgl = To kil =
y + K-CEQ](; y +

V4
Y4
ys V4
P 4
p U4

back-propagation through Sinkhorn.
Computing [898(0)]T:<: PIOPAS i

Hessian inversion (implicit function)



Take Home Messages

is not just formal or numerical calculus ; ?
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Take Home Messages

is not just formal or numerical calculus ; > r\
is not just the chain rule ; T
ensor

is not just the adjoint state method ; Q PyT or Ch
is not just backpropagation ; 'I‘ $
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is time efficient ; L ANV AVA
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is memory inefficient ... but this can be mitigated:

- Checkpointing,
- Implicit function theorem,
- Reversing the flow.



