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iscretization

Sampling:
f e L2([0, 1]

acquisition
>

. feRY
device

Idealization:  f[n] =~ f(n/N)
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Sensors

fel?
Shannon interpolation: if Supp( f) C |—

Zf Nt — 1) h(t)




Sensors

fel?
Shannon interpolation: if Supp(f) C [—

Zf Nt — i) h(t)

— Natural images are not smooth.




' l - ointwise Sampling and Smoothness .

Data aquisition: — fli] = f(Z/N)

Sensors

JPEG-2k —

~r

Shannon interpolation: if Supp(f) C [-Nm, N]

f(6) =) flR(Nt=i)  h(t) =

sin(7t)

7t

—— Natural images are not smooth.

— But can be compressed efficiently.

— Sample and compress simultaneously?
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-Sampling and Periodization: Aliasing .
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P measures << NN micro-mirrors




mirrors

P measures < N micro

P/N =0.16 P/N = 0.02

P/N =1



Hardware Model

CS is about designing hardware: input signals f € L?(R?).

Physical hardware resolution limit: target resolution f € R¥.

. CS hardware



CS is about designing hardware: input signals f € L?(R?).

Physical hardware resolution limit: target resolution f € R¥.

: micro -
~ ' array N . ' P

1 . s -
resolution feR > MIrrors 5' > y € R

. CS hardware




CS is about designing hardware: input signals f € L?(R?).

Physical hardware resolution limit: target resolution f € R¥.

= arra micro :
feL'—> resolu‘gifon — feR"—> ml;‘éors > yc I

. CS hardware

Operator /C
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Need to solve y = K f. p T
— More unknown than equations. * I =

dim(ker(K)) = N — P is huge. "




m - dnversion and Sparsity !n..'ll-i

Need to solve y = K f. p T
— More unknown than equations. * qImN =
dim(ker(K)) = N — P is huge. "

Prior information: f is sparse in a basis {{, }m.

J-(f) = Card {m \ [{f, ¥Ym)| > €} is small.




LConvex Relaxation: L1 Prior

“Ideal” sparsity prior: Jo(f)=#{m\ (f, ¥m) #0}

Jo(f) =0 — null image. @
Image with 2 pixels: Jo(f)=1 — sparse image. @
Jo(f) =2 —— non-sparse image. @
¥
Yo
O



“Ideal” sparsity prior: Jo(f) =#{m\ {f, ¥m) #0}

Image with 2 pixels: Jo(f)=1 — sparse image. @
Jo(f) =2 —— non-sparse image. @
*% \ \
o S DD
K
q= q=1/2 q=1 q=3/2 q=2

¢4 priors: J,(f) = Z {f, Y )9 (convex for ¢ > 1)



sparse 1mage. @

non-sparse 1mage. @

¢4 priors: Z\ [y Ym)|? (convex for ¢ > 1)

¢! norm: ¢9 norm the “closest” to the ¢ ideal sparsity.

Sparse ¢! prior: | Ji(f) = Z (f, Ym)



narse CS Recovery

o € RY sparse in ortho-basis



arse CS Recovery

o € RY sparse in ortho-basis ¥

Discretized) sampling acquisition:

y:/CfO—I—w:lCo\If To) + W
= ¢



fo € RY sparse in ortho-basis ¥

(Discretized) sampling acquisition:

JIC drawn from the Gaussian matrix ensemble
/C@',j ~ N(O, P_1/2) 1.1.d.

= ® drawn from the Gaussian matrix ensemble



fo € RY sparse in ortho-basis ¥

(Discretized) sampling acquisition:

JIC drawn from the Gaussian matrix ensemble
/Ci,j ~ N(O, P_1/2) 1.1.d.

= ® drawn from the Gaussian matrix ensemble

Sparse recovery: ro € RY
|w] —— A 1

min T . - 2
oo sy 11T S > min 5|0z — y” + Azl



mﬂ " . .CS Simulation Example ﬂ'i

Original fj Recovery f*, P = N/6

VU = translation invariant
wavelet frame
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{ ¥5-.CS with RIP

?1 recovery:

r* € argmin |z|; where { y = ®ao +w
|[Pz—yl<e

Restricted Isometry Constants:
Vizlo <k, (1 —=d)lz]® < [@z]* < (14 )]



¢1 recovery:

r* € argmin |z|; where { y = ®ao +w
|[Pz—yl<e

Restricted Isometry Constants:
Vizlo <k, (1 —=d)lz]® < [@z]* < (14 )]

Theorem:  If 691 < /2 — 1, then 'Candes 2009
Co

|zo — ™| < —=|zo — zk|1 + Cie

vk

where z;, is the best k-term approximation of xy.




X _FRIP for Gaussian Matrices

Link with coherence: /L((I)) — mgx K%‘a Spjﬂ
17
52 — M((I))
O < (k—1)u(®)



-RIP for Gaussian Matrices

Link with coherence: /L((I)) — mgx K%‘a Spjﬂ
17
52 — M((I))
O < (k—1)u(®)

For (Gaussian matrices:

1(®) ~ /log(PN)/P




g |E' RIP for Gaussian Matrices

Link with coherence: u(®) = mgx (i, %‘H
1]
52 — M((I))
Ok < (F—1)u(P)

For (Gaussian matrices:

p(®) ~ /log(PN)/P

Stronger result:

C ‘Candes et al, 2004

Theorem: It kK P

= log(N/P)
then do;, < V2 — 1 with high probability.
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Tomography projection:




/ :::....::””::

Fourier slice th - pelp) = 9,'9|
ourier slice theorem Po(p) (pcos(h), psin())

1D 2D Fourier

Image f

: : teR
Partial Fourier measurements: {pek () 02 k<K

A

Equivalent to: Kf = (flw])wean



Regularized Inversion

Noisy measurements: VYw € Q, ylw] = folw] + ww].
Noise:  w|w] ~ N (0, o), white noise.

¢! regularization:

F = argmin > 3" [yle] — Flel + A 1(F. )

! wel)




(c) RF Coil receives From |Lutsig et al.]
the signal (linear

(b) Gradients combination of voxels) (d) Pseudo random

modify samples of
the ph SAMPICS O
Ofe\,%x%sig spatial frequency

— | Reconstruction
(a) User , ,
controlls — — — (e) Exp101t. sparsity
radient [Pt information for
and RF _— reconstruction

waveforms



From |Lutsig et al.

randomization
#

Fourier sub-sampling pattern:

High resolution Low resolution " Linear Sparsity



CARMA (USA)

# X ¥ Radar Interferometry .

Fourier sampling
(Earth’s rotation)
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reconstruction




Sructured Measurements

(Gaussian matrices: intractable for large V.

Random partial orthogonal matrix: {¢, }. orthogonal basis.

Kf ={%w, [))weca  where |Q] = P uniformly random.

Fast measurements: (e.g. Fourier basis)



ﬂSructured Measurements

(Gaussian matrices: intractable for large V.

Random partial orthogonal matrix: {¢, }. orthogonal basis.

Kf ={%w, [))weca  where |Q] = P uniformly random.

Fast measurements: (e.g. Fourier basis)

Mutual incoherence: = vV Nmax |{(py,, ¥m)| € [1, VN]

Fourier /Diracs: u = 1. Wavelets /noiselets: =~ 1.



¥ Structured Measurements

(Gaussian matrices: intractable for large V.

Random partial orthogonal matrix: {¢, }. orthogonal basis.

Kf ={%w, [))weca  where |Q] = P uniformly random.

Fast measurements: (e.g. Fourier basis)

Mutual incoherence: = vV Nmax |{(py,, ¥m)| € [1, VN]

Fourier /Diracs: u = 1. Wavelets /noiselets: =~ 1.

Theorem: with high probability on (2, o =KW

CP
If M <  then dopy < V2—1
p? log(IN)*
'Rudelson, Vershynin, 2006]

—— not universal: requires incoherence.



Sparsifying)
dictionary



sparsifying) [

dictionary

Compressed sensing ideas:

—— Randomized sensors + sparse recovery.

—— Number of measurements = signal complexity.

—— (S is about designing new hardware.



onclusion

Sparsity: approximate signals with few atoms.

| sparsifying | @
I .‘4-

dictionary

Compressed sensing ideas:

—— Randomized sensors + sparse recovery.

—— Number of measurements = signal complexity.

—— (S is about designing new hardware.

The devil 1s 1n the constants:
—— Worse case analysis is problematic.

—— Designing good signal models.



