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CHAPTER 11

Theory of Sparse Regularization

September 9, 2026

The theory of sparse recovery asks when a reconstruction is unique, how much noise changes its coefficients, and whether
it identifies the correct nonzero locations. A small reconstruction error alone does not guarantee that these locations are
recovered. We use convex geometry and dual certificates to establish recovery conditions for the Lasso and its constrained
counterpart, then examine their implications for spike deconvolution on increasingly fine grids.

11.1 Existence and Uniqueness

11.1.1 Existence
We study the penalized problem (10.10), with A > 0, and its constrained counterpart (10.11):

min fi(x) < 2 lly = AxlP + il PA(y)
and the limiting problem as A — 0,
min [|x[l = min fo(x) = ¢z, (x) + [Ix]l1. (Po(y))
Ax=y x
where A € RP*N and £, o {x eRN; Ax = y}.
Recall that we observe noisy measurements
y=Axg+w

We seek conditions ensuring that xg solves Py(Axp) in the noiseless case, and quantitative bounds on its
distance to solutions of P (Axg + w) when A is chosen according to the noise level.

The objective in () (1)) is continuous and coercive because ||-||1 is coercive, so a minimizer exists. Uniqueness
is not automatic: A may have a nontrivial kernel, and [|-||; is not strictly convex. If y € Im(A), the constraint
set in (Py(y)) is nonempty. A constrained minimizer also exists but need not be unique.

Figure 11.1 shows how the recovered coefficients change with A, illustrating the effect of regularization on
sparsity and reconstruction accuracy.

11.1.2 Polytope Projection for the Constrained Problem
The next proposition characterizes noiseless ¢! recovery geometrically.
Proposition 11.1. We denote B'= {x € RN ; |Ix|l1 < 1}. For xo # 0, assuming Im(A) = R”,

X0

lIxoll1

Xo is a solution to Pp(Axy) & A € d(AB) (11.1)

where “d” denotes the boundary and AB = {Ax ; x € B}.
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Figure 11.1. Lasso solution paths A — x for sparsities s = 3, 6, 13, with the same measurement matrix and noise realization.

Radial extension from an interior point A better feasible vector gives an interior point

AB
0
q
(1+1)g
Au=(1+t)gq, ueB Az = Axg, ||z]l1 <7
z=ru/(1+1) gives g+h=A(z/r+A*h) e AB
Az = Axg and ||z]|1 < 7. for small h.
r = [lxoll1 > 0, q =Axg/r, A onto

Figure 11.2. Geometry of the polytope characterization of exact recovery.

Proof. Setr = ||xg|[1 > 0and g = Axo/r. If x¢ is not optimal, there is z with Az = Axy and ||z||; < r. Since A is
onto, A* is a bounded right inverse. For sufficiently small i € R,

lz/r+A%hlls < llzlli/r + |ATh]l < 1,

and g + h = A(z/r + A*h) € AB. Thus ¢ is an interior point of AB.

Conversely, if q # 0 is interior, then (1 + t)g € AB for some ¢ > 0. Choose u € B with Au = (1 +t)g. The
vector z = ru /(1 + t) satisfies Az = Axp and ||z||1 < r, so x¢ is not optimal. If g = 0, the zero vector is already a
better feasible point. These two implications prove the equivalence. m]

For a nonzero recovered vector xo, its measurement Ax lies on the boundary of the scaled polytope
llxoll1AB. When P is much smaller than N, projection can remove faces and prevent ¢! recovery. Chapter 12
studies random projections that preserve enough of the geometry of the ¢! ball in RN to allow recovery from
RP.

Identifiability is unchanged by positive scaling: if xq is identifiable, so is px( for every p > 0. More generally,
the relevant face of B, and hence condition (11.1), depends only on sign(xp). For this geometric discussion,
assume uniqueness and let A : y - x* map each datum y to the solution of (#y(y)). By (11.1), A and A are
inverse maps between the cones C; = {x ; sign(x) = s} and AC;s for recoverable sign patterns s. Including
the lower-dimensional cones and the origin, their images AC partition R”. Suppose that the columns (4;);
of A have unit norm. For P = 3, intersecting the cones AC; with the unit sphere in R? gives a spherical
Delaunay subdivision, which is a triangulation under a general-position assumption; see Figure 11.7. In higher
dimensions, simplices replace triangles. The subdivision satisfies the empty-cap property: the spherical cap
bounded by a triangle’s circumcircle contains no signed column +a; in its interior. Figure 11.3 illustrates these
conclusions in R? and R3.
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Figure 11.3. The linear map A projects the ¢ 1 ball B; the nonlinear recovery map A selects solutions of (Py(y)).

11.1.3 Optimality Conditions

For an indexsetI c {1,...,N}, write A = (ui)fil for the columns of A and A; = (ai)ier € RP¥ for the

corresponding submatrix. For a vector x € RN write x; = (xi)ier € R for its restriction.
The following proposition rephrases the first-order optimality conditions in a convenient form.

Proposition 11.2. x, is a solution to (P1(y)) for A > 0 if and only if
nag =sign(xar) and  |naello <1
where we define

[ = supp(xy) = {i; xp,; #0}, and m = %A*(y — Axy). (11.2)

Proof. The objective in (#,(y)) is the sum of a differentiable convex function and a continuous convex penalty.
The subdifferential sum rule gives

Ifix) = TA(Ax - ) + Al ().

Thus x, is a solution to (£,(y)) if and only if 0 € df;(x;), which gives the desired result. O

In particular, supp(x,) C sat(n,), where sat(n) = {i : |n;| = 1} is the saturation set.
For the constrained case A = 0, the next proposition introduces dual certificates arising from the Lagrange
multipliers associated with £,,.

Proposition 11.3. x* solves (Py(y)) if and only if Ax* = y and

def.

3In € Do(y, x*) = Im(A*) N I||-[l1(x™). (11.3)
Proof. The norm penalty in (Py(y)) is continuous, so the subdifferential sum rule gives

dfo(x) = dig, (x) + 9|l (x).
If x € Ly, then di, (x) is the normal space to the affine set £, i.e. ker(A)* = Im(A"). O

Every valid certificate satisfies supp(x*) C sat(n), for n € Do(y, x*).
Writing I = supp(x*), one thus has
Doy, x*) = {n=Ap; n =sign(x}), Il <1}.

Although the notation Dy(y, x*) involves a particular solution x*, the set of certificates is the same for every
primal solution. The duality argument below explains this independence.

11.1.4 Uniqueness
The next proposition shows that at least one minimizer uses linearly independent columns of A. It does not

assert that every minimizer has this property.

Proposition 11.4. For A > 0, there is a solution x* to (P (y)) whose support I satisfies ker(Ar) = {0}. The same holds
for (Po(y)) when it is feasible.
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At a minimizer x:
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Ax(t) = Ax

Ix®ll1 = llxllx
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The signs stay fixed for t— <t < t;.
At either endpoint, at least one coefficient becomes zero.

Figure 11.4. Coefficient trajectories along a support-reducing direction.

Proof. Let x be a minimizer and I = supp(x). If Aj is not injective, choose a nonzero hy € ker(Aj) and extend it
by zero outside I. Along the interval containing ¢t = 0 on which x + th retains the sign of x, the fidelity is
constant and the ¢! norm is affine. Optimality at the interior point ¢ = 0 forces its slope to vanish. Move
to a finite endpoint of this interval, where at least one coefficient becomes zero. Continuity shows that the
endpoint is still a minimizer and has smaller support. Repeating the argument terminates after finitely many
steps at a minimizer with injective A;. m]

If the columns of A; on a minimizer’s support are linearly dependent, the proof constructs another
minimizer. Thus that solution of (#;(y)) is nonunique.
For a solution x, with ker(A;) = {0}, the optimality condition for (#1(y)) gives the implicit formula

xa1 = Ajy — MA; A sign(xap). (11.4)

This expression generalizes soft thresholding (which is recovered when A = Idy).
Although the coefficient vector x; may not be unique, its fitted data Ax,, also called the predictor, are
unique. Multiplying (11.4) by the restricted measurement matrix gives

Ax) = Projinan ¥ — /\AI(A}AI)*1 sign(xa,1). (11.5)

Thus, up to an O(A) bias, this predictor is an orthogonal projection onto a low-dimensional subspace indexed
by I.

Lemma 11.5. For A > 0, if x1, x3 solve (Pr(y)), then Axy = Axy. For the feasible constrained problem (Po(y)), both
predictors equal y.

Proof. For A = 0, feasibility gives Ax; = Ax, = y. Otherwise, suppose Ax; # Ax, and set x = (x1 + x2)/2.
Convexity gives

+ Ax1 —vy||? + ||Axy — v]|?
||x||1<w and ||Ax—y||2<” 1l 2|| 2=yl

where strict convexity of the squared Euclidean norm makes the second inequality strict. Hence
A =yl + < gy llAx -yl +
2/\ y 1< FllAx =y 11,

contradicting the optimality of x;. ]

d

Proposition 11.6. For A > 0, let x, be a solution to (P (y)) and denote 1, = %A*(y — Ax)). We define the “extended
support” as

J = sat(n) = {i; Inail =1}
Ifker(Aj) = {0} then x, is the unique solution of (£)(y)).
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Proof. If ¥, is also a minimizer, then by Lemma 11.5, Ax; = AX,, so that in particular they share the same
dual certificate

1, 1, 3
ny = XA (y —Axy) = XA (y — A%)).
The first-order condition, Proposition 11.2, shows that necessarily supp(x;) C | and supp(¥y) € J. Since

Ajxy; = Aj%,, and since ker(Aj) = {0}, one has x, ; = ¥,;, and thus x), = X, because their supports are
included in J. O

Proposition 11.7. Let x* be a solution to (Po(y)). If there exists n € Dy(y, x*) such that ker(Aj) = {0} where
J= sat(n) then x* is the unique solution of (Po(y)).
Proof. The proof is the same as for Proposition 11.6, replacing 1, by 7. O

For A > 0, a joint density for the entries of A on RPN implies that its columns are in general position almost
surely. The Lasso solution is then unique for every y. Randomizing only y, while keeping A fixed, does not in
general ensure uniqueness.

11.1.5 Duality

The first-order conditions can also be derived from the convex duality theory in Section 18.3. This
interpretation explains why certificates characterize optimal recovery.

Theorem 11.8. For A > 0, strong duality holds between (£,(y)) and the following dual problem. For A = 0, the same
statement holds with (Po(y)) as the primal problem, provided y € Im(A):

A .
sup {<y, p)— §||P||2; APl < 1}. (11.6)
peRP

A pair (x*, p*) is primal—dual optimal if and only if it satisfies the following certificate condition together with the
residual relation below:

Ap*ed|lh(x*) e (APl <1, ICsat(A'p*) and sign(x}) = Ajp*), (11.7)
where we denote I = supp(x*), and furthermore, for A > 0,
. Y- Ax*
p = A .

while for A = 0, Ax* = y.

Proof. Introduce z = Ax and define ¢A(z) = ||z — y||*/(2A) when A > 0, and g = t{y}- The Lagrangian is
L(x,z,p) = 82(2) + |lx|l +(z = Ax, p).

For A > 0, continuity gives strong duality. For A = 0, feasibility and polyhedral convex duality give the same

conclusion. Minimizing the Lagrangian over x and z yields

sup [ - g;(=p) — (I'l)"(A*p)].

peRP
The conjugates are
. A .
g =<+l A = e,

including A = 0, which gives (11.6). This is also a direct application of the Fenchel-Rockafellar formula (18.17).

The optimality conditions are z* = Ax*, A*p* € J||-||l1(x*), and —p* € dg1(z*). For A > 0, the last condition
gives p* = (y — Ax*)/A. For A = 0, it is equivalent to Ax* = y. The first condition on p* gives the support and
sign relations in (11.7). O

For A > 0, the dual objective (11.6) is strongly concave. Completing the square shows that its maximizer p,
is an orthogonal projection:
p1 € argmin {|lp - y/All; APl < 1}
peRP
Thus the supremum is attained at a unique point for A > 0. For A = 0 and feasible data, a dual optimum also
exists, though it need not be unique.
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Figure 11.5. Visualization of Bregman divergences.
11.2 Consistency and Sparsistency
11.2.1 Bregman Divergence Rates for General Regularizations
Consider the more general regularized problem
min —[|Ax - y|1? + J(x) (11.8)
vemn 24 Y ‘

for a proper convex regularizer | and A > 0. We state estimates for any minimizer, without assuming
uniqueness.
For x¢ with nonempty subdifferential and a chosen 1 € JJ(xp), define the Bregman divergence

Dy(x|x0) = J(x) = J(x0) = (n, x — x0).
One has D;(xo|xo) = 0 and, by convexity, D,(x|xo) > 0; see Figure 11.5.
If J is differentiable, then d](xp) = {V](x0)}, and the divergence becomes

D(x[x0) = J(x) = J(x0) = (V](x0), X = x0).
If ] is strictly convex, then D(x|xg) = 0 exactly when x = x¢. Thus D(:|-) separates points, although it need not
be symmetric or satisfy the triangle inequality.
If ] = |||, then D(x|xo) = ||x — x0||? is the squared Euclidean distance. For the negative-entropy functional
J(x) = X; xi(log x; — 1) + txn (x), one obtains

1

x:
D(x|xg) = in log (j) + X0,i — X;
i

This is the generalized Kullback-Leibler divergence for xo € RY, and x € RY, with the convention 01log 0 = 0.
For probability vectors, the linear terms sum to zero.

The following estimate, associated with the work of Burger and Osher, yields a linear noise rate measured
by Bregman divergence.

Theorem 11.9. If there exists

n=A"p € Im(A*) NI (xp), (11.9)
then every solution x, of (11.8) satisfies
Ll i)
Dy(xi|xo) < 3 (— + VA|| ||) . (11.10)

The measurement residual also satisfies
lAxz = yll < llwll +2[lplIA- (11.11)
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Proof. The optimality of x, for (11.8) implies

1 1 1
A%y = yIP +J(2) < 5% = vl + J(xo) = 5wl + Jxo)

Hence, using (1, xp — xo) = (p, Ax) — Axo) = {p, Ax) —y + w), one has

1 1
Dy(xalxo) = J(x1) = J(x0) = (0, 21 = %0} < s=llwll® = 1Az = yI* = (p, Axa = y) = (p, w)
1o 1 B 2, Ay
= syllwl? = 5xllAxy =y + ApIP + Zlpl* = (p, w)
1, 0 A o 1wl ?
< gxlwlP + Zlpl +||;a||||w||—2(ﬁ +VAlpll] -

Since Dy (x4|xo) > 0, the completed-square bound gives
Ay =y + Al < llw = AplI* < (lwll + Allpl)?.
The triangle inequality therefore yields
[Axa = yll < llwll +2A[lpll.
O

When [[w|| > 0and p # 0, choose A = [[w]|/||pl| in (11.10). The resulting estimate D, (x|xo) < 2[[w]|||p|| is
linear in the noise level. For the simple case of a quadratic regularizer J(x) = ||x||?/2, as used in Section 9.3.2,
the source condition (11.9) becomes

X0 € Im(A*)

This is (9.12) with g = 1. Under this condition, (11.10) gives the sublinear > estimate

llxo = xall < 24/llwlllipll-

This agrees with Theorem 9.4 under the convention x € Im((A*A)F/?).

The source condition (11.9) is sufficient for xo to minimize | subject to Ax = Axy. In finite dimension, it is
also necessary under a subdifferential sum-rule qualification, for example when ] is finite and continuous on
RN. Without such a qualification, existence of a Lagrange multiplier is an additional assumption.

11.2.2 Linear Rates in Norms for /! Regularization

For a regularizer | that is not strictly convex, the Bregman bound (11.10) need not control the error in norm.
We now examine how additional certificate conditions restore such control for the ¢! penalty | = ||-||1.
The next lemma quantifies this control through the gap between |n);| and one.

def.

Lemma 11.10. For n € d||-||1(x0), let ] = sat(n). Then

Dy(x|x0) = (1 = lInyelleo)ll(x = x0)yell1- (11.12)

Proof. Note that xq ;e = 0 since supp(xo) C sat(n) by definition of the subdifferential of the ¢! norm. Since the
¢' norm is separable, each term in the sum defining D;(x|xo) is nonnegative, hence

Dy(xlxo) = > [xil = |xoil = ni(xi = x0,) > Y il = 0,1l = nixi = x0,1)

i i€Je
= > lxil = mixi = > A= Inilxl > (4= lngelleo) D xil = (@ = llmgelloo) D lxi = xo,l-
i€J¢ i€J¢ ieJ¢ i€J¢

O

We use the convention ||np]l = 0. The margin 1 — ||njc||c > 0 measures how far 1 lies from saturation on
the complementary coordinates. A larger margin gives stronger control of the coefficient error.

This lemma yields a norm convergence rate under the certificate and injectivity assumptions of Proposi-
tion 11.7, with x* = xg.
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J(x) = [x]

Inl <1
Dy(x | 0) = |x| —nx
> (1=InDlx|

The margin 1 — |n]| is positive precisely
when the subgradient does not saturate.

Figure 11.6. Bregman divergence controls the ¢! error on coordinates where 1 does not saturate.

Theorem 11.11. If there exists
ne ﬂo(AXO, xo) (11.13)

and ker(Aj) = {0} where | = sat(n) then, for fixed ¢ > 0 and ||w|| > 0, choosing A = c||w|| gives a constant C
(depending on A, the certificate, and c, but not on w) such that any solution x, of Py(Axo + w) satisfies

[lxa = xoll < Cllw]]. (11.14)

Proof. Write n = A*p and y = Axg + w. The optimality of x, in (,(y)) implies

SollAxy = y I+l < 52lAxo -yl + ol = ollel? + ol

and hence

Ax2 = yII* < llwll +2Al|x0ll
Using the fact that A is injective, one has A;A ; = 1dj, so that
IGea = xo)sll = IA] Ay (xa = x0)sll < NAf l2allApxa, — v + wll < A7 ll2a (HA7xa; =yl + Ilwll)

<IAT 21 (IAxn = yll + 1 Agex e[l + llwll)
<A Nz (I1Ax2 = yll + 1A [l 2l e = xo,5¢ll1 + [lw]])
< A7 Il (ol + 2l IA + A e lln2llxa e = xo,5elln + llwll)

where we used x¢ jc = 0and (11.11). The mixed operator norm || B|, ; maps £ to {7, as defined in Remark 11.14.
Substituting this bound into the decomposition and using (11.12) and (11.10) gives

lx2 = xoll1 = [[(xa = x0)7ll1 + [[(x2 = x0)je 1

< Il = x0)pells (14 147 laallAyeliz) + 147 2 QlplIA +2ljo])

Dy (xalx0)
< T (1 1T ReallArlnz) + 147 Gl + 20l
2
s omp) +
e (U 1A RallArdaa) + 147 T @HplA + 2l

Thus setting A = c||w||, one obtains the constant

3( &+ valpn) (

wr 2
1= lInelleo

1+ 147 aallArl2) + 147 21 @lplie +2).
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This theorem guarantees uniqueness of the noiseless solution xg, but does not imply uniqueness of x;.
The source condition (11.13), combined with the injectivity condition ker(A;) = {0}, gives the ¢? stability
estimate (11.14). The estimate (11.14) controls the error linearly relative to the fixed noiseless signal xg. It does
not by itself establish pairwise Lipschitz continuity between arbitrary noisy solutions.

Compare this linear rate with the sublinear rates for quadratic regularization in Theorem 9.4. The source
conditions for linear regularization (9.12) and nonlinear regularization (11.13) express different structural
assumptions. In the quadratic case with B = 1, the source condition is xy € Im(A*) = ker(A)* in finite
dimension. The signal itself must have no component in ker(A) because squared-norm regularization cannot
recover such a component. The nonlinear condition instead requires a subgradient 7, to belong to Im(A*). It
can therefore permit recovery of signal components in ker(A) when the prior supplies sufficient structure.

11.2.3 Sparsistency for Low Noise

Theorem 11.11 gives an abstract guarantee whose certificate assumptions may be difficult to verify. We now
construct a candidate certificate explicitly. When it satisfies a strict off-support bound, it guarantees both a
linear rate and support stability.

For any solution x, of (Pi(y)), define the dual certificate as in (11.2). Uniqueness of the fitted data makes it
independent of the chosen solution:

c o Yy —A
= A'py where py = ]/A—x,\

The next proposition shows that p, converges to the dual solution of minimum norm for the constrained
problem.

Proposition 11.12. If y = Axq where xq solves Po(y), one has

pa — po = argmin {|[p|| ; A'p € Do(y, x0)} - (11.15)
peRP

The vector g = A*py is called the minimum-norm certificate; the minimized norm is that of the data-space vector p.

Proof. Write D = {p : ||A*p|lo < 1} and let M be the maximum of (y, p) on D. Optimality relative to the
minimum-norm dual maximizer pg gives 0 < M —(y, pa) < %(II;?OII2 —|Ipall?). Thus ||pall < |Ipoll, every cluster
point is a dual maximizer of no greater norm, and uniqueness of py proves convergence as A | 0. m|

The certificates in Dy(y, xg) for A = 0 may be nonunique, but the limit A — 0 selects one of them. This
selected certificate governs support stability when both the noise and A are small.

The inequality constraint ||1ol| < 1 makes the minimum-norm problem (11.15) difficult to solve explic-
itly. Dropping this {* constraint while retaining interpolation on the support gives the minimum-norm
precertificate:

nr = A’pr where pr = argn},in {||p|| ; Alp = sign(xo,l)}. (11.16)
peR
The notation “nr” refers to the “Fuchs” certificate, named after J.-J. Fuchs, who first used it to study 7"
minimization.

The vector pr may fail dual feasibility because ||nr|/« < 1need not hold. This is why the construction gives
a precertificate. If the interpolation system is consistent, pr is its minimum-norm solution: Ajp = sign(xo,1).
The pseudoinverse gives pr = A} sign(xo,1); see Proposition 9.2. Under ker(A;) = {0}, this simplifies to

pr = Ai(AjAn) ™ sign(xo ).
With the Gram matrix C < A*A, the certificate becomes
ne = C.1Cj | sign(x,1). (11.17)

The next proposition relates nr to 179: whenever 7 is feasible, it equals 1.

Proposition 11.13. If [[nrlle < 1, then pp = po and np = 1p.
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Figure 11.7. For unit-norm columns, the supporting hyperplane defined by a valid certificate determines an empty
spherical cap: its interior contains no signed column +a;.

The condition ||nr |l < 1implies that x is a solution to (Po(y)). A strict off-support bound on njr strengthens
this recovery condition and gives both a linear error rate and support stability for small noise.

The feasibility condition ||nr|| < 1 has the empty-cap interpretation shown in Figure 11.7. We thank
Charles Dossal for pointing out this connection to spherical Delaunay triangulations.

Remark 11.14 (Operator norm). In the proof, we use the ¥ — {9 matrix operator norm, which is defined as

def.

1Bllp,q = max {[IBullg ; llull, <1}

For p = q, we denote ||B||, = IBllp,p. For p = q = 2, ||B|2 is the maximum singular value, and one has

Bl = Bi; d |[|Blleo = Bi il
IBlls m]axzi:I ijl and [B] mgXZj:I il

Theorem 11.15. Let I = supp(xg) # 0, assume Aj is injective, and suppose ||nr,ic|le < 1. There exist co, c1 > 0,
depending on A, I, and xo, such that if

0<A<c, [|[A*w]||eo < c1A,
then the solution x, of (Pr(y)) is unique and has the same support and sign as xo. It satisfies
XAl = Xo + A;—w - A(A;A[)_l Sign(XQ/[), xa1c =0. (11.18)

In particular, the error is O(||A*w||e + A). When ||A*w||e > 0, choosing A proportional to this quantity with a
sufficiently large constant gives an O(||w||) error as the noise tends to zero.

def.

Proof. LetT = min;es |x0,i| be the smallest nonzero signal amplitude, and let 6 = ||A*w||. measure the noise

after correlation with the measurement columns. Set s = sign(xp) and use (11.18) to define the candidate

A def. + * -1

Xr = xo,1 + AI w — /\(AIAI) S1, (11.19)
and %c = 0. The goal is to show that % is indeed the unique solution of (£, (y)).

Step 1. Sign consistency means sign(£) = s. It follows from ||xo ; — £1||c < T, for which a sufficient condition is

def.

X0, — £1lleo < K||Ajwlleo + KA < T where K= [[(AAD) oo, (11.20)

where we used the fact that A7 = (A7A[) A3
Step 2. We verify the strict off-support bound in Proposition 11.6: ||fji¢||e < 1, where Af} = A*(y — AX). Together
with sign consistency and injectivity, this proves that £ is the unique solution of (#,(y)). Compute

/\ﬁ = A" (AIX()/[ +w - AIJ?I)
=A*(Id - A[A;)ZU + AnE.

The residual formula also gives fj; = s;. Write 6 = ||A*w||co, L = [|A}. Aflleo, R = KL+1,and S = 1—||nF ¢ (|0 > 0.
Then
Allficlleo < RS+ Allneselle <A if RS < SA. (11.21)
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11.2 Consistency and Sparsistency

A
T/K R: 0+A<T/K,
Ro < SA
I, R6=SA _
’/\\ R: 0O0/A<S/R,
>
1t 0 <A < Amax
1 _ TR
‘ MXT KR +S)
R : R 0 > 0; the oblique boundaries are
J > 1 excluded.
Amax T/K

Figure 11.8. Region in the (A, 0) plane where sign consistency holds.

Together with sign consistency and injectivity of Aj, this strict inequality proves uniqueness.
Conclusion. Combining (11.20) and (11.21), we obtain uniqueness of X whenever the parameters (A, w) satisfy

R:{wﬂu;5+A<% amilw—SA<ﬂ

The triangular region R contains the simpler triangle

o

. < S def. T(KL + 1)
A R

and A< )\max} where Apay = —————— (11.22)

ﬁ:%&M K(R+S)

O

Theorem 11.15 requires small correlated noise ||A*w||« and a small A, with their ratio controlled, so that
regularization does not eliminate the nonzero coefficients of xo. Theorem 11.11, by contrast, applies at any
noise level ||w||, but gives neither support control nor uniqueness of x,, and its constants can be less favorable.

The proof provides explicit constants in terms of three parameters K, L, S:

— K accounts for the conditioning of the operator on the support I;

— L is the largest sum of absolute correlations between an off-support atom and all atoms on the support;

— S measures the margin by which 7r avoids saturation outside the support.

The bounds on ||A*w||«/A and on A are given by (11.22). For fixed y > 0 and sulfficiently small 6 > 0, choosing
A =(1+y)Ro6/S gives

[[x0 — x1llo < K (1 +(1+ y)?) 0.

The strict factor 1 + y ensures the required strict inequality. Such a choice is primarily theoretical because its
constants involve the unknown support.

For a class of signals xo, analyzing ¢! support recovery therefore starts with testing the Fuchs precertificate
nr: feasibility requires ||nF||~ < 1, and support stability requires a strict bound outside the support. Figure 11.9
illustrates the behavior for random A: the precertificate 7r becomes nondegenerate when P is sufficiently
large. Section 12.2 analyzes this phenomenon.

11.2.4 Sparsistency for Arbitrary Noise

The small-noise theorem fixes the sign of the solution in advance. To obtain support containment for
arbitrary noise levels, one can instead control all sign patterns on a prescribed support I. This gives the exact
recovery coefficient of Tropp [1]:

ERC(I)=1- mszA;rajHL
j
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11 Theory of Sparse Regularization

P=8 N=064 P=20,N=264 P=48,N =64

i ,'hlilfu;.'l'[ T PN SN T T T
I 00 1 Y s B L

0 10 20 30 40 50 60 0 10 20 30 40 50 60 0 10 20 30 40 50 60
Coefficient index Coefficient index Coefficient index

Figure 11.9. Fuchs precertificate nf for a Gaussian matrix A € RPN with N = 64 and increasing measurement count P.

The maximum over an empty complement is taken to be zero. Assume A is injective and ERC(I) > 0. Let
P = AIA;r and choose A > 0 so that

A7 (Id = PD)yllo < A ERC(I).

Then the Lasso has a unique solution supported within I; some coefficients may vanish, so equality of supports
is not asserted.

Indeed, minimize the Lasso objective over vectors supported on I. The resulting vector £; is unique, since
Aj is injective. Its optimality condition gives q; € J||-||1(%1) and

Y- Arxy = (Id - P[)y + /\A[(A;AI)_lql.
For j ¢ I, the corresponding dual coefficient is bounded by

[{aj, d - Pr)y)|
A
Thus the restricted minimizer satisfies the full optimality conditions with strict inequality outside I, and

injectivity proves uniqueness. If y = Axg + w and supp(xp) C I, the orthogonal residual above is (Id — P;)w.
The condition therefore states explicitly how large A must be relative to the noise.

+||ATajll < 1.

11.3 Sparse Deconvolution Case Study

For random A, Chapter 12 gives probabilistic conditions under which 7 is a valid certificate.

Super-resolution exposes a limitation of the Fuchs construction. The columns (a;); of A are often samples
of a smooth kernel, so nearby columns are highly correlated.

We consider a; = ¢(z;), where (z;); € X is a sampling grid in a domain X and ¢ : X — H is a smooth map.

One has
Ax = Z xip(zi).
i
The coefficients of a sparse vector x are the weights of the discrete measure m, = N
on the reconstruction grid.

The matrix A discretizes an operator on Radon measures, A : m € M(X) — y = Am € H, defined by

1 Xi0z;, whose atoms lie

Alm) & /X (x)dm(x).

For a discrete measure, the two representations agree: A(m,) = Ax
For example, take H = L%(X) on X = R? or X = T and let ¢(z) = @(- — z). The resulting operator is
convolution:

(Am)(z) = / Pz = x)dm(x) = (@ * m)(2).

12



11.3 Sparse Deconvolution Case Study

m y=A(my) = Ax
o(z)) o(zi) x5 v
X A
M
> 7 >z r
Zj Zi Zj Zi Zj Zi
6(z) = o(- - 2) My = Yg X0z y(r) = L xxp(r — zg)

Figure 11.10. Convolution operator.

The observation space H is infinite-dimensional in this example. Sampling the output instead gives
p(z) = (¢(rj - z))le. The observation grid r € X" need not coincide with the reconstruction grid z € XN.

A closely related example uses ¢(z) = (eikz)f} s on X =T, so that A corresponds to computing the 2f, + 1
low-frequency coefficients of the Fourier transform of the measure

fe
A(m) = (/Teikxolm(x)) )
k=—f.

The operator A*A is a convolution against an ideal low-pass (Dirichlet) kernel. By weighting the Fourier
coefficients, one can model low-pass filters on the torus.
On X = R*, another example is the Laplace transform:

A(m) =z — e *dm/(x).
R+

Define the continuous covariance kernel by

V(z,2) e X%, Clz,2) E (o), p(2))n-
The function C is the kernel of A*A. The discrete covariance, defined on the computational grid, is
C =(C(zi,zr))i» € RN*N while its restriction to some support set I is Cr; = (C(z;, zin)) (i, iner2 € R
By (11.17), the vector nr samples the continuous precertificate fjr on the grid:

nr = (fe(zi), € RY,

where fjr(x) = Z b;C(x,z;) where b;= CI‘} sign(xo,1), (11.23)
i€l
Thus nr samples a linear combination of |I| kernel functions (C(x, z;))ier-

The question is whether ||[1F[|¢~ < 1. Along increasingly dense grids, continuity implies that a uniform
bound on the sampled certificate requires ||fjr||z~ < 1. A finite grid may miss an overshoot between samples.
The construction constrains 7jr only to interpolate sign(xo,;) at support points z;; it does not prevent the
function from leaving [-1, 1] nearby. Figure 11.11 illustrates this fact.

In one dimension, a certificate bounded in magnitude by one must satisfy n’(z;) = 0 at every interior
support point i € I, where it already interpolates the sign. Adding these necessary conditions gives the
minimum-norm precertificate with vanishing derivatives:

fiv=Apv, pv= argril{in {Ipll ; (Ap)(zi) = sign(xo,1), (A'p)(z:) =0 (i eD}. (11.24)
pe

Here we restrict to a one-dimensional domain and assume that the interpolation constraints are independent.
The adjoint is (A*p)(z) = (p(z), p)x, and v = (ﬁv(zi))?i 1- A derivative constraint alone does not ensure
|y | < 1; this bound must be checked separately. As in (11.23), this precertificate is a linear combination of
kernel functions, now with 2|I| terms:

fv(x) = Y biC(x, 2) + cidaCl(x, z0),

iel
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11 Theory of Sparse Regularization
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Figure 11.11. Continuous representations of the precertificates nr and 1y for a convolution operator A.

where d,C is the derivative of C with respect to the second variable, and (b, ¢) solve a 2|I| X 2|I| linear system

by _ ( (Czi,zi))ijerr  (2C(zi,20)); ez ! (sign(xo,)
c) \(C(zi,zi))iver (9102C(zi, zr));iver 0 )

Evaluating fjy = A*py on the reconstruction grid gives the discrete precertificate ny. Figure 11.11 shows
better behavior of nyv than of nr. If ||[v|l < 1 and A is injective on its saturation set, Theorem 11.11 gives
a linear rate in the grid-based ¢?> norm. As the grid is refined, however, this coefficient {2 norm does not
provide an intrinsic distance between spike measures, which need not have 12 densities. When ny differs
from 71F, one cannot directly apply Theorem 11.15: exact support stability on increasingly fine grids can fail
in super-resolution problems. Methods without a fixed grid provide a more suitable framework for such
stability results. In a grid-free formulation, a valid vanishing-derivative precertificate coincides with the
minimum-norm certificate under the corresponding interpolation and nondegeneracy assumptions. This
leads to stability results for spike locations and amplitudes, rather than a fixed-grid coefficient norm.
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