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Training a model often reduces to minimizing a differentiable objective, so the geometry of that objective determines how op-
timization algorithms progress. Starting from regression and classification, we develop convexity, derivatives, and optimality
conditions, then derive gradient descent and practical step-size rules. Quadratic examples guide the convergence analysis,
which extends to smooth convex objectives and explains the effects of conditioning, strong convexity, and acceleration.

14.1 Motivation in Machine Learning

14.1.1 Unconstrained Optimization

Throughout most of this chapter, we consider unconstrained convex optimization problems of the form
inf , 14.1
inf f(x) (14.1)

and seek algorithms that approximate a minimizer, when one exists, with a low cost per iteration. The
first-order methods studied here use gradient information. We write

argmin f(x) = {x €eR”; f(x)=inff},

for the set of minimizers of f, which may contain several points or be empty: argmin f = §. When a minimizer

exists, we write the optimization problem as
min f(x). (14.2)

xeRP

In learning, f(x) is typically an empirical risk for regression or classification, and p is the number of model
parameters. For a linear model, the training sample is (a;, y;)7_, with feature vectors a; € R¥. Let A € R"*¥ be
the matrix with feature vectors a; as its rows.

14.1.2 Regression

For real-valued responses y; € R, the least-squares objective is

F) = 3 D2y - (v, @) = 5llAx —yIP, (143)
i=1

p

as illustrated in Figure 14.1. Here (u, v) = }'_, u;0; is the canonical inner product in R” and 117 = (-, -).

14.1.3 Classification
For classification, y; € {—1, 1}, in which case

n

fx)= D b=yilx, ai)) = L(- diag(y)Ax) (14.4)

i=1
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Figure 14.1. Panels 1 and 2: linear regression and a linear classifier. Panel 3: the 0-1 loss and its normalized logistic and
hinge upper bounds, both tight at zero margin.



14.2 Basics of Convex Analysis

-x2 e (x? - 1) (x| -1/2)3 x?
No minimizer inff =0 Two minimizers Interval of U’TWe
inf f = —oo Not attained minimizers minimizer

Figure 14.2. Left: no minimizer. Middle: multiple minimizers. Right: a unique minimizer.
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Figure 14.3. Coercivity condition for least squares.

where { is a smooth convex surrogate for the 0-1 loss 1y «), counting zero margin as an error. For instance,
{(u) = log(1 + exp(u))/log 2 satisfies £(u) > 19 ,c0)(1), with equality at u = 0. The normalization makes this
upper bound tight at the decision boundary. The matrix diag(y) € R"*" is the diagonal matrix with y; along
the diagonal (see Figure 14.1, panel 3). The separable loss function L : R* — Ris, for z € R", L(z) = }; {(z;).

14.2 Basics of Convex Analysis

14.2.1 Existence of Solutions

Problem (14.1) need not have a minimizer. An objective f may be unbounded below: for f(x) = —x?, the
infimum is —co. The objective f can also have a finite unattained infimum: for f(x) = e™, itisinf f = 0.

A continuous function attains its minimum on a nonempty compact set O C R”. In finite dimensions,
compactness means that () is closed and bounded. Lower semicontinuity suffices for attainment, but we use
continuity here. For unconstrained minimization, coercivity provides a compact set to which the search can
be restricted: f(x) — +oo as ||x|| — +oo. For any xo € R?, consider the sublevel set

Q={xeR?; f(x) < f(x0)}

Coercivity makes this set bounded, and continuity of f makes it closed. For a continuous convex function,
coercivity is in fact equivalent to a nonempty bounded minimizer set. Convexity matters: f(x) = min(1, x2)
has a unique minimizer but is not coercive.

Example 14.1 (Least squares). The least-squares objective f(x) = %||Ax — y||? is coercive exactly when
ker(A) = {0}, meaning the design has full column rank. If ker(A) # {0} and x* is a minimizer, then x* + u
is also a minimizer for every u € ker(A), so the minimizer set is unbounded. Conversely, if ker(A) = {0},
we will show later that the minimizer is unique, see Fig. 14.3. For classification, strict convexity of ¢ and
injectivity of A imply strict convexity of the objective, but do not ensure coercivity or existence. Separable
logistic regression is a counterexample.
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Figure 14.4. Convex and nonconvex functions; strictly convex and convex but not strictly convex functions. Here
xp=Q-t)x+tyand & =(1-t)f(x) +tf(y), with0 <t < 1.
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Figure 14.5. Comparison of convex functions f : R? — R (for p = 1) and convex sets C C R” (for p = 2).

14.2.2 Convexity

Convexity is central to optimization because every local minimizer is global, and many convex problems
admit efficient algorithms. A function is convex if, for every pair (x, y) € (R¥)?,

Vie[0,1], f((A-Hx+ty) <A -Hf(x)+Ltf(y) (14.5)

The graph lies below each secant, and above each tangent when differentiable; see Figure 14.4. If x* is a local
minimizer of a convex f, then x* is a global minimizer, i.e. x* € argmin f.

Convexity is preserved by several useful operations. If f and g are convex and 4, b are positive, then
af +bg and max(f, g) are convex. If ¢ : R? — Ris convex and B € R??, b € RY, then the affine composition
f(x) = g(Bx + b) is convex. Thus the squared loss (14.3) is convex, since ||-||?/2 is a sum of convex squares.
Similarly, convexity of £ implies convexity of L and of the classification objective (14.4).

Strict convexity. When f is convex, one can strengthen the condition (14.5) and impose that the inequality is
strict for distinct x, y and ¢ €]0, 1[ (see Figure 14.4, panels 3 and 4), i.e.

VEElO, 1, F((1—tx +ty) < (1—1)f(x)+Ef (). (14.6)

S . . s . . S . xF+xy
A minimizer x* is then unique if it exists. Otherwise, two minimizers x} # x5 would satisfy f(~52) < f(x7)

by strict convexity, contradicting optimality.

Example 14.2 (Least squares). For the quadratic loss function f(x) = %HAx — y||?, strict convexity is equivalent
to ker(A) = {0}. Its Hessian is *f(x) = AT A, which is positive definite exactly when A is injective, since
(AT Az, z) = ||Az||%. Positive definiteness implies strict convexity. Conversely, a nonzero vector in ker(A)
gives a line along which f is constant, ruling out strict convexity.



14.3 Derivative and gradient

Fx) = 3lIx|1? Vf(x) = x
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Figure 14.6. The gradient as a vector field.

14.2.3 Convex Sets
A set Q C R? is convex if every pair (x, y) € Q? satisfies (1 —t)x + ty € Q forall t € [0,1]. A function f is
convex exactly when its epigraph epi(f) = {(x,t) e RP*L; t > f(x)} is a convex set.

Remark 14.3 (Convexity of the minimizer set). A minimizer x* need not be unique; see Figure 14.3. For
convex f, the set argmin(f) is itself convex. Indeed, if xJ and xJ are minimizers, so that in particular

f(x}) = f(x3) = min(f), then f((1—t)x] +tx}) < (1-t)f(x7)+tf(x}) = f(x]) = min(f), so that (1—#)x] +tx)
is itself a minimizer. Figure 14.5 shows convex and non-convex sets.

14.3 Derivative and gradient

14.3.1 Gradient

When all coordinate derivatives of f exist, define

w (90 If)\"

= p
VI E (5 T R

as the gradient vector. The map Vf : R? — R is a vector field, and its coordinate derivatives are defined by

() g\ flx+160) = f)
an B n—0 n

where 6, = (0,...,0,1,0,...,0)T € R? is the kth canonical basis vector.
Existence of the coordinate derivatives, hence of V f(x), does not imply differentiability of f. Differentiability
of f at x requires
flx+ €)= F(x) + (e, VE)) +o(llel)). (14.7)

The remainder notation R(¢) = o(||¢]|) means decay faster than the perturbation ¢ as it tends to 0: lﬁiil) — 0as

¢ — 0. Coordinate derivatives concern the behavior of f along the axes, whereas differentiability requires

the expansion for every sequence ¢ — 0. For example, f(x) = % with f(0) = 0 has both coordinate
172

derivatives equal to zero at the origin. Yet f(t,t) = 2f, so the linear expansion with zero gradient fails.
The vector V f(x) is uniquely determined by (14.7). To prove differentiability of f and compute V f(x), it
therefore suffices to establish an expansion

flx+e) = f(x)+ (e, &) +o(llell),

which identifies Vf(x) = g.
For differentiable functions, convexity is equivalent to the graph lying above every tangent affine function.

Proposition 14.4. If f is differentiable, then
feonvex & VY(x,x'), f(x) = f(x)+(Vf(x), x —x').
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Figure 14.7. Local extrema (panel 1), a stationary inflection point (panel 2), and a global minimizer (panel 3).

Proof. One can write the convexity condition as

flx+tx" —x) - f(x)

fA-t)x+tx") <A -t)f(x)+tf(x)) ;

<f() = fx)
hence, taking the limit ¢ — 0 one obtains

(Vf(x), ' —x) < f(x') = f(x).
Conversely, set x; = (1 — t)x + tx’. Apply the supporting-affine-function inequality at x; to x and x":
f) > flxr) +(Vf(xe), x = x0) = fxe) + HVf(xe), x = x7)
fO&) 2 fan) +(Vf(xe), ¥ = xe) = ) = (A= £V (xr), x = x7),
Multiplying the first inequality by 1 — t and the second by ¢, then adding, gives

A=t f(x)+tf(x") > f(xp).

14.3.2 First Order Conditions

A vanishing gradient is necessary for local optimality, and will also guide the algorithms developed below.

Proposition 14.5. If f is differentiable and x* is a local minimizer, meaning that f(x*) < f(x) throughout some
neighborhood of x*, then
Vf(x*)=0.

Proof. Fix a direction u and let € | 0. Local optimality and differentiability give
F®) < f(x* +eu)= f(x)+ (V™) uy+o(e) = (Vf(x*), u) 20(1) = (Vf(x*), u)>0.

So applying this for u and —u in the previous equation shows that (Vf(x*), u) = 0 for all u, and hence
Vfi(x*)=0. o

Note that the converse is not true in general, since one might have V f(x) = 0 but x is not a local minimum.
For instance x = 0 for f(x) = —x2 (here x is a maximizer) or f(x) = x® (here x is neither a maximizer nor a
minimizer; it is a stationary inflection point), see Fig. 14.7. Stationarity alone therefore neither certifies a
local minimum nor guarantees convergence of a numerical method to that point. Both depend on the local
geometry. Convexity of f makes stationarity sufficient as well as necessary.

Proposition 14.6. If f is convex and x* is a local minimizer, then x* is a global minimizer. If f is differentiable and
convex,
x* €argmin f(x) <= Vf(x*)=0.
X



14.3 Derivative and gradient

Proof. Fix x and choose 0 < t < 1 so that tx + (1 — t)x* lies in the neighborhood where x* is minimal. Local
optimality and convexity then give

FEN) < flx+ A=) <tf()+ A -Hf(x*) = fx*) < f(x)

proving that x* is a global minimizer.
For the second part, we already saw in Proposition 14.5 the = implication. We assume that Vf(x*) = 0.
Since the graph of f is above its tangent by convexity (as stated in Proposition 14.4),

f) 2 fOM) + (V) x = x%) = f(x).
O

For a differentiable convex objective, minimization is therefore equivalent to solving V f(x) = 0, a system of
p equations in p unknowns. An explicit solution is often unavailable, but the equation still characterizes the
minimizers x*.
14.3.3 Least Squares

The gradient of the least-squares objective (14.3) follows by expanding the squared norm:

1 1 1
fle+e)=SllAx -y + Ael = SllAx - y|P +(Ax —y, Ae) + SljAe]?
= F()+ (e, AT(Ax = y) +o(llel).

We used ||A¢]|? = o(]|¢]|) and the transpose AT. The transpose exchanges rows and columns, AT = (A ji) =
Its essential role in gradient calculations is the adjoint identity

V(u,v) € RP xR", (Au, v)pn = (u, AT0)pe.

Computing gradients of functions involving linear operators requires such a transposition step. This
computation shows that
Vf(x)=AT(Ax —y). (14.8)

Hence every minimizer x* of f(x) satisfies the normal equations (ATA)x* = ATy. If A*A € RP? is invertible,
then f has a single minimizer, namely
x* = (ATA) ATy, (14.9)

Thus x* depends linearly on y. The operator (AT A)~1A* is the Moore-Penrose pseudoinverse of A; an ordinary
inverse is unavailable when p # n. The condition that AT A is invertible is equivalent to ker(A) = {0}, since

ATAx =0 = | Ax|?=(ATAx,x)=0 = Ax=0.

When n < p, the system is underdetermined and injectivity is impossible. If n > p and the entries of A have a
joint density, then ker(A) = {0} almost surely. In general, injectivity is equivalent to the feature vectors a;
spanning R?.

14.3.4 Link with PCA

. def. _
Assume the feature vectors are centered, 3; a; = 0. Otherwise, replace each a; by a;—m, where m =n1y i ai

is the empirical mean. Write C = ATA. Then C/n is the empirical covariance matrix of the point cloud. With
ai =(aj1,...,aip)" and A = (a; ;)i j, its entries are

Cre 1 “
Yk, 0 e{l,...,p}¥, T = lei,kai,é’-
p

In particular, C /1 is the variance along the axis k. More generally, for any unit vector u € R?, (Cu, u)/n >0
is the variance along the axis u.
For instance, in dimension p = 2,

n 2 n
— = n ! n 2 .
noon\Xiog 4i14i2 izt ai,
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Figure 14.8. Left: point clouds (2;); and their principal directions. Right: the quadratic part of f(x).

Since C is symmetric, choose an orthogonal matrix U = (u1, . .., u,) whose columns are eigenvectors of
C/n. If (C/n)ux = Agug, then C/n = U diag(Ax)U" and U~! = UT. In these coordinates, the quadratic form is
a weighted sum of squares:

P
%(Cx, x) = (U diag(A)U "x, x) = (diag(Ax)(U  x), (U x)) = Z)\k<x, ug)>. (14.10)
k=1

Here (UTx)r = (x, ux) is the coordinate k of x in the basis U. Since (Cx, x) = ||Ax||?, this shows that all
eigenvalues are nonnegative.

Order the eigenvaluesas A1 > Ay > ... > A,. Projection of a; onto the leading m eigenvectors gives principal
component analysis (PCA), the optimal linear reconstruction in squared error. It is used for compression,
dimensionality reduction, and visualization in two dimensions (m = 2) or three dimensions (m = 3).

When C is positive definite, its covariance ellipsoid has principal axes (ux)x and semiaxes proportional to
the standard deviations Ax. This ellipsoid closely describes a Gaussian cloud with density proportional to
exp(—%4(C7'a, a)). For the quadratic objective %(Cx, x) in f(x), the level ellipsoid {x ; %(Cx, x) < 1} has the
same principal axes but reciprocal widths 1/+y/A. Figure 14.8 shows the reciprocal axis widths in dimension
p = 2. If C is singular, the covariance ellipsoid is degenerate and the quadratic sublevel sets are unbounded
along ker(C).

14.3.5 Classification
For the classification objective (14.4), assume L is differentiable and apply (14.7) at — diag(y)Ax:

f(x + &) = L(—diag(y)Ax — diag(y)Ae)
= L(—diag(y)Ax) + (VL(- diag(y)Ax), — diag(y)Ae) + o(||diag(y)Ae])).

Using the fact that o(||diag(y)Ae]|) = o(||¢||), one obtains

flx+e¢e)= f(x)+ (VL(—diag(y)Ax), —diag(y)Ae) + o(|lll)
= f(x) + (=A" diag(y)VL(- diag(y)Ax), &) + o(ll]l),

Using (AB)T = BTAT and diag(y)" = diag(y) gives
Vf(x) = —AT diag(y)VL(- diag(y)Ax).
Since L(z) = }; ¥(z;),its gradientis VL(z) = (¢(z;))!_,. For thenormalized logisticloss, £'(u) = e" /((1+e")log 2).

Evaluated at the negative margin u = —y;(x, a;), this scaled sigmoid is large for incorrectly classified
observations and weights their contribution to the gradient.



14.4 Gradient Descent Algorithm

14.3.6 ChainRule
More generally, for f(x) = g(Bx) with Be R7”? and g : RT = R,

f(x +¢) = g(Bx + Be) = g(Bx) + (Vg(Bx), Be) + o(||Bell) = f(x) + (e, B'Vg(Bx)) + o(lll]),

which shows that
V(goB)=B'oVgoB (14.11)

“_

where “o” denotes the composition of functions.

Nonlinear compositions require the differential. For F : R? — R, its differential at x is the linear map
JdF(x) : R? — R7. We represent it by its Jacobian matrix, also denoted dF(x), with dimensions dF(x) € R7*7.
Writing F(x) = (F1(x), ..., F4(x)), the Jacobian entries are

. o JFi(x
VG ) e ahx (L p), [9F), 2
]
The map F is differentiable at x when it admits the expansion
F(x + ¢€) = F(x) + [dF(x)](e) + o(]|€l]). (14.12)

Here [JF(x)](¢) denotes matrix-vector multiplication. The matrix in this expansion is unique, so the expansion
can also be used to compute the differential.

For the special case g = 1, i.e. if f : RP? — R, then the differential df(x) € R and the gradient Vf(x) € RF*!
are linked by equating the Taylor expansions (14.12) and (14.7)

YeeRV, [If(0)](e) =(Vf(x), &) & If(x)=Vf(x)".
The differential satisfies the following chain rule
(G o H)(x) = [dG(H(x))] x [0H (x)]

where “X” is the matrix product. For instance,if H :R¥ - RTandG=g¢g:R"— R, then f=goH:R’ - R
and one can compute its gradient as follows

V()= @f(x)" = (19g(HD] X [0H@)])" = [9H(x)]" x [dg(H(x)]" = [0H(x)]" x Vg(H(x)).

When H(x) = Bx is linear, one recovers formula (14.11).

14.4 Gradient Descent Algorithm

14.4.1 Steepest Descent Direction

The Taylor expansion (14.7) approximates f near x by an affine function:
f(2)=Tuz) +o(lx —z|) where Ti(2) = f(x) +(Vf(x), z - x),

Figure 14.9 illustrates the approximation. First-order methods use f through its local model T;.
A nonzero gradient V f(x) points uphill locally, so —V f(x) is a descent direction. At a fixed point x, examine
f along the ray
T € R =0, +oo[— f(x —1Vf(x)) €R.

If f is differentiable at x, one has
flx=1Vf(x) = f(x) = (Vf(x), V(@) +0(0) = f(x) = IV (x)II* + 0(2).

If Vf(x) = 0, then x is stationary and is a global minimizer when f is convex. Otherwise, for sufficiently small
T,

flx=1Vf(x) < f(x)

so the step from x to x — TV f(x) decreases the objective.
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Figure 14.9. Panels 1 and 2: first-order Taylor approximations in one and two dimensions. Panels 3 and 4: the gradient is
orthogonal to the level set; the diagram illustrates the proof.
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Figure 14.9 (continued). Panels 1 and 2: first-order Taylor approximations in one and two dimensions. Panels 3 and 4: the
gradient is orthogonal to the level set; the diagram illustrates the proof.
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14.4 Gradient Descent Algorithm

Panel 1 Panel 2
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Figure 14.10. Effect of the step size 7 on gradient descent (panel 1) and exact line search (panel 2).

Remark 14.7 (Orthogonality to level sets). A level set of f contains points with the same value of f. For s € R,

define
def.

L ={x; f(x)=s}.
Assume f is continuously differentiable near x and Vf(x) # 0. Then x is a regular point of the level set L¢(y).

The gradient is normal to its tangent space and points toward increasing values of f; see Figure 14.9, panels
3 and 4. Take a smooth curve through x in £, parameterized by t € R — c(t) with ¢(0) = x. The function

def.

h(t) = f(c(t)) has constant value h(t) = s because c(t) lies in the level set. Thus h’(t) = 0. Expanding at t = 0
also gives

h(t) = f(c(0) +£c’(0) + o(t)) = h(0) + £(c’(0), V£(c(0))) + o)

i.e. W'(0) = (c’(0), Vf(x)) =0, so that Vf(x) is orthogonal to the tangent ¢’(0) of the curve c, which lies in the
tangent plane of L, (as shown in Figure 14.9, panel 3). Since the curve c is arbitrary, the whole tangent plane
is thus orthogonal to V f(x).

Remark 14.8 (Local optimal descent direction). Assume f is continuously differentiable near x and V£ (x) # 0.
Among displacements of length r, every minimizing direction approaches the normalized negative gradient

asr | 0: @)
! rgmin =3 _—Vf ad
Ta||%||:r flerw V£l

To verify the sign, let 1, minimize f(x + u) on the radius-r sphere. Compare it with —rV f(x)/||Vf(x)||. The
uniform first-order remainder gives

Vi), urfr) < =IVF @)l +0(D).

Since ||u,/7|| = 1, equality in the limiting Cauchy-Schwarz bound forces the stated direction.

14.4.2 Gradient Descent

Starting from x¢ € R?, gradient descent iterates
Xps1 = Xk — TV f (xk) (14.13)

The parameter 71 > 0 is the step size, or learning rate. A sufficiently small 7y decreases f at a nonstationary
iterate. Choosing 7 balances stable descent against progress per step. One may fix 7x = 7 or adapt 7 at each
iteration; see Figure 14.10.

Remark 14.9 (Greedy choice). Exact line search chooses the best step along the current direction, although
computing it can be expensive:

Tk € argmin h(1) = f(xe =TV f(xg)).

>0

The line-search objective /(1) is scalar. Its derivative follows from a Taylor expansion of h:

h(t+0) = f(xx —TVf(xk) = 0V f(xx)) = flxx —TVf(xk)) = 0V fxx =tV f(xp)), Vf(xk)) +0(0).

11
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Note that at 7 = 7, Vf(xx — 1Vf(xx)) = Vf(xk+1) by definition of xx,1 in (14.13). If the current gradient is
nonzero and the minimum is attained, an optimal step satisfies 7x > 0, since small positive steps decrease f.
The first-order condition is therefore

' (tx) = =(Vf(xx), Vf(xks1)) = 0.
Thus successive gradients, and hence successive descent directions, are orthogonal; see Figure 14.10.

Remark 14.10 (Armijo rule). Instead of finding the optimal 7, Armijo backtracking seeks an admissible 7 that
produces sufficient decrease. Given 0 < a < 1 (values below 1/2 are customary, especially for Newton-type
methods), one considers a 7 to be valid for a descent direction dj (for instance dy = —V f(xy)) if it satisfies

f g+ tdy) < fxx) + at{dy, Vf(xe)) (14.14)

For small 7, one has f(xx +tdy) = f(xx) +7{dk, Vf(xk)) +0(7), so that, assuming d is a valid descent direction
(i.e {(dk, Vf(xx)) < 0), condition (14.14) will always be satisfied for 7 small enough (if f is convex, the set of
allowable 7 is of the form [0, Tmax]). Start from a positive trial step and repeatedly reduce it by T « B7, with
0 < B <1, until (14.14) holds. This procedure is called backtracking line search.

14.5 Convergence Analysis

14.5.1 Quadratic Case
Convergence analysis for the quadratic case. We first analyze gradient descent for the quadratic objective

def.

C'=ATA e RP¥,

_1 21 _
flx) = 2||Ax ylI© = 2(Cx, x) —(x, b) + cst where { p & ATy R,

We already saw that in (14.9) if ker(A) = {0}, which is equivalent to C being invertible, then there exists a
single global minimizer x* = (ATA)'ATy = C~1b.

The quadratic %(C x, x) — {x, b) is convex exactly when the symmetric matrix C is positive semidefinite, as
follows from the spectral decomposition (14.10).

Proposition 14.11. Let f(x) = %(Cx, x) — (b, x), where C is symmetric and its eigenvalues lie in [u, L] with
0 < u < L. If the step sizes satisfy

0<Tmin<Tl<Tmax<z
then there exists 0 < p < 1 such that

lx = ¥ < p*llco = x*]I. (14.15)

The smallest uniform one-step contraction bound based only on u and L is obtained with the constant step

_ ~di"L_/J_ 2¢e def.
_L+H == p_L+y_1 T+e where & = u/L. (14.16)

Te

Proof. One iterate of gradient descent reads
Xk+1 = Xk = Tk(Cxg = b).
The minimizer x* satisfies Cx* = b, so
Xke1 — X = xp — x* = 1. Cxg — x*) = (Idp — 74 C)(xx — x7%).

If S € RP? is a symmetric matrix, one has

def.

15zIF < ISllopllzll - where [IS|lop = max[A«(S)I,

where A (S) are the eigenvalues of S and ox(S) = |A%(S)| are its singular values. Indeed, S can be diagonalized

in an orthogonal basis U, so that S = U diag(Ax(S))UT, and STS = S? = U diag(A,(S)*)U " so that
1Sz||* = (ST Sz, z) = (U diag(A})U "z, z) = (diag(A2)U "z, U z)
= ZAi(uTz)i < m}?x(/\i)HUTzHZ = ml?x()\i)Hsz.
k

12



14.5 Convergence Analysis

- |1=rL]
- -l
— h(t) = max(|1 — L[, |1 — tu|)

1/L ﬁ 2/L 1/u
T

U =Amin(C) >0, L =Amax(C) (drawn for L = 3p)

Figure 14.11. Contraction constant /(7) for a quadratic function.

Applying this to S = Id, — 7C gives the contraction factor as a function of the step t:

def. def.

h(t) = ||Idy — 7Cllop = max |1 — 7A;(C)| < H(t) = max(|1 — 7L, |1 — Tpul).
]

If 4 and L are the extreme eigenvalues, equality holds and Figure 14.11 plots & = H. In general, H(7) < 1
for 0 < t < 2/L. Continuity on [Tmin, Tmax] gives a common bound § < 1, proving (14.15). The bound H is
minimized at * = ﬁ”, giving

W _ |y 2L | _L-u
H(T)—‘l L+y_L+y'

O

Note that when the inverse condition number & = /L < 1 is small (which is the typical setup for ill-posed
problems), then the contraction constant appearing in (14.16) scales like

p~1-2¢ (14.17)

We also use ¢ below for this inverse condition number. The condition number is the ratio of the largest to the
smallest singular value, and its minimum value is 1, attained by orthogonal matrices.

The geometric decay O(p*) in (14.15) is called linear convergence in optimization. The bound is global
because it holds for every k, rather than only sufficiently large k.

If ker(A) # {0}, then C has zero eigenvalues and the minimizer set is infinite. A linear rate still follows
because the increments x41 — xx are orthogonal to ker(A), while the kernel component remains equal to that
of xp. The preceding proof applies on the orthogonal complement, with p replaced by the smallest positive
eigenvalue of C. This eigenvalue may be very small, giving a contraction factor close to one. The spectral
argument also relies on the quadratic structure. We therefore give a different analysis that provides a sublinear
bound on the objective value.

Proposition 14.12. Let f(x) = %(Cx, xy —«b, x) with C = 0, b € Im(C), and eigenvalues at most L > 0. For a
constant step 0 < 1y =t <1/Land k > 1,

dist(xo, argmin f)?
8k

foxr) = f(x¥) <

where

dist(xo, argmin f) £ min  |jxo— x*]|.
x*€argmin f

Proof. We have Cx* = b for any minimizer x* and xj41 = x; — ©(Cxy — b) so that as before

xp—x* =(Id, - 7C) (xo — x*).

13



14 Optimization & Machine Learning: Smooth Optimization

Now one has , , ,
§<C(xk —x*), xp —x*) = §<ka' xk) — (Cxp, x*) + E(Cx*, x*)

and we have (Cxg, x*) = {(xi, Cx*) = (xx, b) and also (Cx*, x*) = (x*, b) so that

3(Ci = %), xi = %) = (Corg, 30 = {xp, b) + 3 (%, B) = Flxg) + 5", b).

Note also that , , ,
f(x*) = E(CX*/ X*> - <X*/ b> = §<X*/ b) - <X*r b> = _§<X*/ b)

This shows that

1 * * *

§<C(xk —x%), xp —x*) = fxp) — f(x™).
This thus implies

1 max M
Flxe) — F(x*) = 3((1dy — 1€ ClIdy — 70 (o %), o — ) < Tt M)y e

where we have denoted
def.

M = (Id, — TC)FC(1d, - tC)*.

Since x* can be chosen arbitrarily, one can replace ||xg — x*|| by dist(xo, argmin f). One has, for any ¢, the
following bound

1
My) < 1-1s) < —
7tM) < g s =7 < o

because the eigenvalues of My have the form s(1 — 75)% for eigenvalues s of C. Setting t = 75 € [0, 1], use

1
AV PR
Vtel0,1], (1-t)"t< i
Indeed, one has
1 1 1 1
_ 2Rt < (emty2kt = 2kt ¢ —u _ < =
A=ty t < (e7)™"t 2k(ZkiF)e S Sup ue ok S Ik

uz0

14.5.2 General Case

We now extend the convergence analysis to general smooth convex functions. The Hessian replaces the
constant matrix C of a quadratic objective.

Hessian. For a twice continuously differentiable function, the Hessian matrix is

P f(x)

€ RP¥P,
8xi8xj

(@F)(x) = (

)1<i,j<p

Each entry differentiates the ith component of the gradient with respect to the jth coordinate. Equality of
mixed partial derivatives makes 2 f(x) symmetric.
Twice differentiability of f at x implies the Taylor expansion

flx+ )= f@) + (VF(x), &) + 5@ F0)e, &)+ ollel?) (1418)

Thus f has a local quadratic approximation near x. The Hessian is the unique symmetric matrix in this
expansion. If an expansion has the form below with a symmetric matrix H,

flx+ €)= )+ (Vf(x), € + 5 (He, €) +olel).

comparison with (14.18) identifies 9* f(x) = H, avoiding separate computation of all p? partial derivatives.
Equivalently, differentiate the gradient:

Vf(x+e) = Vf(x) + [ f(x)I(e) +o(llel)

14



14.5 Convergence Analysis

where [0%f(x)](¢) € R? is the product of the Hessian d*f (x) with .

A twice differentiable function f on R” is convex exactly when, at every x, the Hessian 9*f(x) is positive
semidefinite. Positive definiteness everywhere implies strict convexity of f, but is not necessary: x* is strictly
convex on R although its second derivative vanishes at x = 0.

For a quadratic objective f(x) = %(C x, x) — (x, u), the gradient Vf(x) = Cx — u gives the constant Hessian
d*f(x) = C. For the classification function, one has

Vf(x) = —A" diag(y)VL(- diag(y)Ax).
and thus
Vf(x +¢) = —A" diag(y)VL(- diag(y)Ax — diag(y)Ae)
= Vf(x) - AT diag(y)[0°L(~ diag(y)Ax)](~ diag(y)Ae) + o(lle])
Since VL(u) = (£'(u;)) one has 9*L(u) = diag(¢”(u;)). This means that
d*f(x) = AT diag(y) x diag(¢” (- diag(y)Ax)) x diag(y)A.

This matrix is symmetric positive semidefinite when ¢ is convex, because {” is nonnegative.

Remark 14.13 (Second order optimality condition). The Hessian can classify a stationary point x* with
Vf(x*) = 0. If >f(x*) is positive definite, then x* is a strict local minimizer. Positive semidefiniteness of
J?f(x*) alone does not classify the point; for example, x> on R has a vanishing Hessian at its stationary
inflection point. Conversely, if x* is a local minimum, then 9 f (x*) is positive semidefinite.

Remark 14.14 (Second order algorithms). The Hessian also yields second-order methods such as Newton’s
method. These can converge faster locally than gradient descent, at a greater cost per iteration. A variable-metric
gradient step has the form

Xk+1 = Xk — HeVf (xx)

where Hy € RP*P is symmetric positive definite. Gradient descent uses Hy = 1xId,; Newton’s method uses
Hy = [0*f(xx)]"! when the Hessian is positive definite. Note that

fxkin) = fx) = (HeVf(xi), Vf(xi)) + o([[HeV f (xi)]).-

Positive definiteness of Hy ensures that, if xx is nonstationary with V£ (xy) # 0, then (HyV f(xx), Vf(xx)) > 0.
Scaling Hj sulfficiently small therefore guarantees descent, f(xx+1) < f(xx). We do not develop second-order
algorithms further here.

For convergence analysis, uniform Hessian bounds play the role of the spectral bounds on C in the quadratic
case. We require these bounds on 9 f(x) at every x. Integrating these local bounds yields global inequalities
that support an analysis similar to the quadratic one.

Smoothness and strong convexity. For L > 0, quantify the smoothness of f by requiring an L-Lipschitz
gradient:
V(x,x) € ®R)?,IVF(x) = V(I < Lilx = x|l (Re)

A linear convergence guarantee for the iterates follows from a uniform lower curvature bound. We impose
this by assuming that f is y-strongly convex

V(x,x) e ®P, (V) -Vi), x-x') > ullx - x|P. (S)
For C? functions, these conditions are equivalent to uniform Hessian bounds.

Proposition 14.15. Conditions (R) and (S,) imply
’ ’ ’ ’ ’ ’ ’ ’ L ’
Vi, x), f) VR, x =)+ Sl = XIP < f0) < FO) + VR, x =) + Sl =P (1419)

If f is of class C?, conditions (R.) and (Sy) are equivalent to
Vx, uld, < d*f(x) < LId, (14.20)
where 0% f (x) € RP*? is the Hessian and < denotes the semidefinite order:

A<B < VYueR’, (Au,u) < {(Bu,u).

15



14 Optimization & Machine Learning: Smooth Optimization

Q}I(Z) < f(z) <QL(z)

\ 4
N

x
Qa(z) = f(x) + (Vf(x),z = x) + §llz — x|1*
Figure 14.12. Quadratic upper and lower bounds for a smooth strongly convex function.

Proof. We prove (14.19), using Taylor expansion with integral remainder
1 1
f(x)—fx)= /0 (Vf(xe), ' =x)dt =(Vf(x), ' —x) + ‘/0 (Vf(x¢) = Vf(x), x" = x)dt
where x; = x + t(x’ - x). Using Cauchy-Schwarz, and then the smoothness hypothesis (Rr)
1 1
FO) = 0 < VF, ¥ =)+ [ L=l = xlldt < (VF0), 3" =0+ L =P [ ra
0 0

which is the desired upper-bound. Using directly (S,,) gives

Xt

— X ’ 11 2
ydt > (VF(x), ' =)+ | 2llxe - x| dt
0

1
F) = 1) = V), ¥ =0+ [ (9f0) = Vr, 25

which gives the desired result since ||x; — x||2/t = t||x" — x||%. O

Equation (14.19) places the objective between a lower quadratic tangent model from strong convexity and
an upper quadratic tangent model from smoothness.

Condition (14.20) places every eigenvalue of 9*f(x) in [y, L]. The upper bound is also equivalent to
l02f(x)llop < L where [|-||op is the operator norm, i.e. the largest singular value. In the special case of a
quadratic function of the form %(C x, x) — (b, x) (with C symmetric positive semidefinite), 9*f(x) = C is
constant, so that [i, L] can be chosen to be the range of the eigenvalues of C.

Convergence analysis. For a general smooth convex function, gradient descent admits a sublinear objective
bound. Strong convexity gives a linear rate for the iterates. Other structural assumptions can also yield faster
rates, but are outside this analysis. Without strong convexity, the minimizer need not be unique.

Theorem 14.16. If f is convex, satisfies (R1), and has a minimizer, assume there are constants Tmin, Tmax Such that

0 < Tmin € T¢ < Tmax < z;

then xy converges to a solution x* of (14.1) and there exists C > 0 such that

C

fla) = fO7) < - (14.21)

If furthermore f is y-strongly convex, then there exists 0 < p < 1 such that ||x; — x*|| < p¥|lxo — x*|.
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14.5 Convergence Analysis

Proof. We first derive the objective bound and the strong-convexity estimate for the step 1/L. We then
explain convergence for the full step-size range in the theorem. Take 7, = 1/L. The L-smoothness property
implies (14.19), which reads

L
f ) < fCoe) + V() xpen = xi0) + 5l = Xkl
Using the fact that xj41 — x; = —%V f(xx), one obtains
1 1 1
Fi) < F ) = TIVFEIE + - IVFI? < Fx) = o IVF el (14.22)

Thus the objective sequence (f(x))x is nonincreasing. By convexity

fe) +(Vf(x), x* = xp) < f(x¥)
and plugging this in (14.22) shows

Floxksn) < £ = (Vf (), ¥ = x6) = 5p IV G (1429
= £+ 5 (I = "= = x* = 9 )P (1424)
= f)+ 5 (I =2 = It = e ). (1425)

Summing these inequalities for £ = 0, ..., k, one obtains
£ L
D fleres) = (k+ D) < 5 (llxo = x| = [lxD — x| 2)
=0

Since f(xk+1) is nonincreasing, Z];:o f(xe41) = (k + 1) f(x**D). Hence

L{lxo — x*I?

FED) = £6) < ST

which gives (14.21) for C = Lixo — x*%
If we now assume f is u-strongly convex, then, using Vf(x*) = 0, one has %Hx* —x||2 < f(x) - f(x*) for all
x. Rearranging (14.25) gives

N~

Elltiet =21 < flxi) = f() <

L
X1 — x| < ,/“Hllxk—x*ll, (14.26)
which is the desired result.

For the general step-size range, use the cocoercivity inequality for a convex function with an L-Lipschitz
gradient:

(Il = 21 = 1 = 2 1?),

and hence

IVF(x) = VIWI? < LIVF(x) = VE(y), x = y).

It follows by applying the descent bound to f — (Vf(y), -), whose minimum is at y, and then adding the
inequality with x and y exchanged. Set gy = Vf(xx) and a = Tmin(1 — LTmax/2) > 0. The descent bound and
cocoercivity give

2
fxi) = fxie) > allgell”,
2a
llxtkan = 2* 11 < e = 2|1 ~ fllgkllz-
The second inequality makes the iterates bounded and their distance to every minimizer nonincreasing.

Summation gives gx — 0. Every accumulation point is therefore a minimizer; the nonincreasing distance to
such a point proves convergence of the entire sequence.
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14 Optimization & Machine Learning: Smooth Optimization

For the objective rate, write dx = f(xx) — f(x*) and r = ||xx — x*||. Convexity and the update imply

242 .
k k+1 max

dy K ———— + —=(dy — dp41).

= 2Tmin 2a ( +1)

Summing from 0 to k and using monotonicity of d proves (k + 1)d; < rg/ (2Tmin) + Tmaxdo/(2a). Under strong
convexity, the same distance calculation gives

rl%+1 < (1 — UTmin(2 - LTmax))VI%/

whose factor belongs to [0, 1). This establishes all claims for the stated step sizes. O

For poor conditioning, ¢ < 1, the rate (14.26) has the same qualitative dependence as the quadratic
rate (14.17):

L
L+u

1
=(1+€)_%~1—§£.

14.5.3 Acceleration

For a convex function with an L-Lipschitz gradient, ordinary gradient descent has a worst-case O(1/k)
objective bound. Accelerated methods combine a gradient step with extrapolation. Starting from yo = xg and
0 < s < 1/L, one example is

k

Xka1 = Yk — SV (yx), Yia1 = X1 + Pr(Xks1 — Xx), Bk = T3

This is a Nesterov-type scheme. It differs from the heavy-ball method, which evaluates the gradient at x; and
adds momentum to that step. The accelerated scheme satisfies

[ED) —X*IIZ)

flen = ety =0 123

This is a worst-case guarantee; it does not ensure that every individual trajectory is faster. If strong convexity
is known, appropriately tuned acceleration or restart can give a linear rate.
A formal continuous-time limit explains the momentum schedule. Set 1 = /s and t = k7. Since
Bi1=(k=1)/(k +2),
Xk41 — 2Xk + Xk—1 3 Xp— X
+
72 (k+2)t T

If the interpolated iterates converge smoothly as T — 0, the limit solves

1 V() =0.

x”(t) + %x’(t) + Vf(x(t) =0, x(0) = x9, x’(0)=0.

The term 3x’(t)/t is a time-dependent friction. Its decay permits inertial motion while retaining an accelerated
energy bound. The coefficient 3 is not the only admissible choice: related dynamics with friction a /¢t for a > 3
also admit O(#~2) objective estimates under the usual convexity assumptions.
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