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Chapter 1

Shannon Coding Theory

1.1 Source Coding

Uniform coding. We consider an alphabet (s1,...,sk) of K symbols. For instance, if one samples and
quantizes a bounded signal 0 < fy < 1 using a step size 1/K, then one can consider sy = k to be integer
symbols. For text, these symbols include the letter plus extra punctuation symbols and blank. It is of course
possible to code a sequence of such symbols using a uniform code (e.g. using the base 2 expansion) with
[log,(K)] bit per symbols. For instance if K = 4 and the symbols are {0, 1,2, 3}, then the code words are
(CO = 00,81 = 01,62 = 10,03 = 11).

This uniform coding strategy is however extremely inefficient if the symbols are not uniformly distributed
(i.e. if some symbols are more frequent than others, which is likely to be the case). We aim to design better
codes.

Prefix coding. A code c;, = c(s},) associate to each symbol s; a code word ¢; € {0,1}N with a varying
length |ci| € N*. A prefix code ¢; = c(s) is such that no word ¢ is the beginning of another word ¢j. This
is equivalent to being able to embed the (c)r as leaves of a binary tree T, with the code being the output
of a traversal from root to leaves (with a convention that goes to a left (resp. right) child output a 0 (resp.
a 1). We denote ¢ = Leaves(T") such prefix property.
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Figure 1.1: Left: complete tree of all codes of length 3; right: example of prefix code.

This tree-based representation is useful to decode a binary stream by simply performing tree traversal.
One follows the tree, from top to bottom, and outputs a symbol each time a leaf is reached (and then restarts
at the top).

Probabilistic modeling. We aim to design the most possible compact code c,. We assume at our disposal
some probability distribution over this alphabet, which is just a histogram p = (p1,...,pk) € Rf in the

3



simplex, i.e. ), pr = 1. In practice, this probability is usually the empirical probability of the appearance
of the symbols x, in the data to be coded.
The entropy of such an histogram is

H(p) = — Zpk logs (pk)
K

(1/pi)

pi log,

with the convention 0log,(0) = 0. ;

Denoting h(u) = —ulogy(u), h'(u) o< —log(u) — 1, h"(u) x —1/u < 0so O 1/6 1
that H is strictly concave. The definition of the entropy extends to continuous
density f(z) for x on some measure space with reference measure dz (e.g.

Lebesgue on RY) by setting H(f) = — [ f(z)log(f(x))dx.
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Figure 1.3: Three examples of probability distributions with corresponding entropies.
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Figure 1.4: Linked extrema for the entropy.

Lemma 1. One has
0=H() < H(p) < H(1/K) = logy(K)

where §; is the Dirac histogram distribution at 1.

Proof. First one notes that —ulogy(u) > 0 for u € [0, 1] (see figure above), so that H > 0. Then we show
the following inequality, for any histogram ¢

H(p) <= piloglar) < > pilog(ai/p) <0.
This follows from log(u) < u — 1, since
Zpi log(gi/pi) < Zpi((h’/pi -1) = Zcﬁ - Zpi =0.
Applying this inequality tolqi =1/K gives | | |

H(p) < —Zpi log(1/K) = log(1/K).



The quantity K L(plg) = 3, pilog(pi/q;) > 0 s called the Kulback-Leibler divergence, or relative entropy
between p and ¢. It is positive and zero if and only if p = ¢, so it is a “distance like” (beware it is nonsymmetric
and does not satisfy the triangular inequality). This is a quantity of fundamental importance in statistics
(because it arises when computing maximum likelihood estimator) and also in machine learning (because it
is the most common loss function used to perform classification).

1.2 Shannon Source Coding Theorem

Assuming that (pg)x is the empirical probability of the appearance of the symbols xj in the data to be
coded, the average symbol length associated with some code c is

L(c) = prlexl-
k

The goal is to design the best possible ¢ so that L(c) is as small as possible. Shannon’s theorem of entropic
coding, proved below, gives both lower and upper bounds for this question.

Theorem 1. (i) If ¢ = Leaves(T') for some tree T, then
L(c) = H(p).
(i) Conversely, there exists a code ¢ with ¢ = Leaves(T') such that
L(c) < H(p) + 1.

Before proving this theorem, we prove Kraft inequality, which describes the set of prefix codes using an
inequality.

Lemma 2 (Kraft inequality). (i) For a code ¢, if there exists a tree T such that ¢ = Leaves(T) then
D ol (1.1)
i

(i) Conversely, if (Ux)x are such that

PPN (1.2)
k

then there exists a code ¢ = Leaves(T) such that |cx| = .

Proof. = We suppose ¢ = Leaves(T'). We denote m = maxy, |c;| and consider the full binary tree. Bellow
each ¢, one has a sub-tree of height m — |cg|, see Figure 1.5, left. This sub-tree has 2m=lekl Jeaves. Since all
these sub-trees do not overlap, the total number of leaf do not exceed the total number of leaves 2™ of the

full binary tree, hence
Zme\ck\ < 2m7
k

hence (1.1).

< Conversely, we assume (1.2) holds. Without loss of generality, we assume that ¢; < ... < g =:m. We
first construct trees of height 2™~%. We then put then side by side from left to right. Since Y, 2™~ < 2™,
these sub-trees occupy a space of less than the number of leaf in the full binary tree of depth m. The proof
follows from the fact (which can be seen on Figure 1.5, right) that because the ¢, are increasing, the height
of the trees are decaying, so that this ordering of trees form a sub-tree of this full binary tree of depth m. [

Shannon theorem. First, we consider the following optimization problem

i OSSN lpr s g(0) =Y 278 1) 1.3
i {f() zk:kpk g(0) zk: } (1.3)

5



B

To Ty

Figure 1.5: Left: full binary tree obtained by completing the tree associated to the code (¢; = 0, ¢y = 10, ¢35 =
110,¢4 = 111). Right: packing sub-trees associated to code length to form the left part of the full tree.

We fist show that at an optimal £*, the constraint is saturated, i.g. g(¢*) = 1. Indeed, if g(¢£*) = 27* < 1,
with u > 0, we define ¢} = (% —u, which satisfies g(¢') = 1 and also f(¢') = 3., (¢t —u)px < f(£*), which is
a contradiction. So we can restrict in (1.3) the constraint to g(¢) = 1 and apply the linked extrema theorem,
which shows that necessarily, there exists A € R with Vf(¢£*) = AVg(¢*), i.e. (pp)r = —AIn(2)(27%)y. Since

1= pr=-An(2)» 27% = -Aln(2)
k k

we deduce that £; = —log(pk).

(i) If ¢ = Leave(T), the by Kraft inequality (1.1), necessarily £ = |cg| satisfy the constraints of (1.3),
and thus H(p) = f(¢*) < f(£) = L().

(ii) We define £ = [—logy(pk)] € N*. Then ), 27% < ), 2°62(Px) = 1, so that these lengths
satisfy (1.2). Thanks to Proposition 2 (ii), there thus exists a prefix code ¢ with |cx| = [—logy(pk)]-
Furthermore

L(e) = ) pu[—loga(pi)] <D pr(—logy(pr) +1) = H(p) + L.
k k

O

Note that this proof is constructing, i.e. it gives an algorithm that constructs an almost optimal ¢, and
this code is often called the Shannon-Fano code. It is usually a good code, although it is not necessarily the
optimal code with the smallest L(c). Such an optimal code can easily be computed in almost linear time
(only sorting of the probability is needed, so it is K (log(K))) by Huffman’s dynamic programming algorithm
(invented in 1952). The proof of the correctness of this algorithm is however a bit tedious. Figure 1.6 shows
an example of the application of this algorithm.

Associated code: coding/test_text.m

1.3 Probabilistic modelling

In practice, such entropic coding, although optimal, is not very efficient when one of the symbols has a
large probability py. This is because 27P% <« 1, but one cannot allocate a fractional number of bits. This is
why L(c) can be as large as H(p) + 1. A simple workaround is to artificially increase the size of the alphabet
from K to K" by grouping together sets of r consecutive symbols and then performing Shannon coding over
this new, larger alphabet.

Under a proper probabilistic model, and when the number n of coded symbols goes to 400, one can show
that this reduces the gap to H(p) + 1/r. This is not in contradiction with Shannon’s theorem because the
code is not a prefix code over the initial alphabet.



We give here an informal argument. If we assume the symbols are generated randomly from the prob-
ability vector p = (pg)i, then as n — +o0o, the (empirical) entropy of the observed symbols tends to H(p).
Then, if we assume independence of the symbols, the probability Py, .., of groups of r consecutive tuples
is

Pklv“-vkv‘ = Pk, Pky - - - Dk,
ie, P=p®...Q®pis the r-fold tensor product. Then, the entropy is

H(p®...®p) ==Y PkaPhs - - - Pk, 108(Dr, ks - - i) = TH(p)-

In fact, the independence assumption is not needed in the reasoning; one can show that, in general,

H(P) < rH(p),

where equality holds only if the tokens are independent. For large N, if one applies Shannon coding, one
sees that the code length is reduced from N(H(p) + 1) to

g(H(P) +1)=N (H(p) + i) ;

hence, when r is large, one can get arbitrarily close to H(p).
A useful byproduct of this reasoning is that if the tokens are not independent, the improvement can be
much higher. This idea is also reflected in the following.
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Figure 1.6: Huffman coding algorithm in action.

Impact of using the wrong probability distribution Note that if one chooses a different probability ¢
and uses it to code the sequence, one necessarily obtains a worse average coding length, and this is reflected
by the positivity of the so-called relative entropy (beware that it is a convex function while the entropy is
concave), which is often called the Kulback-Leibler divergence

p
KL(plg) = — Zpk loggr — H(p) = Zpk logq—: > 0.
k k

This KL divergence is similar to a distance in the sense that KL(p|q) = 0 if and only if p = ¢ (note however
that KL is not symmetric and does not satisfy the triangular inequality). It also has the remarkable property
that it is jointly convex in (p,q). It is of paramount importance to compare probability distributions and
measures and form the basis of the fields of information theory and information geometry.

1.4 Doing better leveraging non-independance
One can wonder if it is possible to go below the entropy bound. By Shannon’s theorem, it is not possible

if one can only code in sequential order the symbols themselves. From a statistical perspective, it is as if
the symbols were considered to be independent. If there is some redundancy in the sequence of symbols
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(for instance if they are discretization of a smooth function, so that two consecutive symbols are likely to be
equal), it is possible to re-transform (in a bijective way) the sequence to make them “more independent”
A simple illustration of this idea is given in Figure 1.7, where one computes successive difference of a 1D
sequence of symbols (beware to also retain the initial symbol to be able to do the decoding.
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Figure 1.7: Top: retransformation by successive differences. Bottom: comparison of histograms of pixel
values and differences, and a code tree for these differences.

Another, more systematic way to leverage such temporal redundancy is by performing run-length coding,
which operates by grouping a sequence of similar symbols and thus coding first a symbol and then the length
of the associated group (which is coded entropically). If the sequence is generated by a Markov chain, this
method can be shown to asymptotically reach the Shannon bound where now the entropy is the entropy
associated to the distribution of the Markov chain on infinite sequences (which can be computed as the limit
of the entropy for finite sequences).
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